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Abstract 



> 

^^ ' Holomorphic gauge fields in A^ = 1 supersymmetric heterotic compactifications can constrain the complex 

structure moduli of a Calabi-Yau manifold. In this paper, the tools necessary to use holomorphic bundles 

(<-^ ■ as a mechanism for moduli stabilization are systematically developed. We review the requisite deformation 

theory - including the Atiyah class, which determines the deformations of the complex structure for which 
the gauge bundle becomes non-holomorphic and, hence, non-supersymmetric. In addition, two equivalent 
approaches to this mechanism of moduli stabilization are presented. The first is an efficient computational 
algorithm for determining the supersymmetric moduli space, while the second is an F-term potential in 

5t 1 the four-dimensional theory associated with vector bundle holomorphy. These three methods are proven 

to be rigorously equivalent. We present explicit examples in which large numbers of complex structure 
moduli are stabilized. Finally, higher-order corrections to the moduli space are discussed. 
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1 Introduction 

Compactification of the Es x Es heterotic string [I] [21 13] and heterotic M-theory [1]-[S] on Calabi-Yau 
threefolds has provided a rich arena for string phenomenology [in]-I301- However, moduh stabihzation 
in such theories has remained a crucial and long-standing problem. Many of the techniques available 
in Type IIB string constructions - particularly the way in which fluxes are used to stabilize moduli - 
cannot be directly transferred to the heterotic case. For example, using NS three-form flux to stabilize 
the complex structure in this context makes it very difficult to stabilize the remaining moduli fields with 
non-perturbative effects. In addition, the introduction of flux naively leads to non-Kahler compactification 
manifolds, over which there are few techniques available for explicitly constructing gauge bundles. 

In recent work [311 132] . we introduced a new approach to moduli stabilization via a geometric ob- 
servation: the complex structure moduli of a Calabi-Yau threefold, X, can be constrained by the presence 
of a holomorphic vector bundle, V — >■ X , in a heterotic compactification. In particular, certain deforma- 
tions of the complex structure, with all other moduli held fixed, can lead to the gauge bundle becoming 
non-holomorphic and, hence, non-supersymmetric. This is associated with an F-term contribution to the 
potential energy which stabilizes the corresponding complex structure moduli. In [31 , this formalism was 
introduced and an explicit example of the constraints on complex structure was presented (see |33j-|45j 
for related work in other contexts). 

Vector bundle holomorphy is a significant new tool in heterotic moduli stabilization, since point- 
wise holomorphic vector bundles can perturbatively stabilize the complex structure in a supersymmetric 
Minkowski vacuum without deforming the background away from a Calabi-Yau geometry. In |32j . we 
proposed a scenario to stabilize all geometric moduli ~ that is, the complex structure, Kahler moduli and 
the dilaton - in heterotic Calabi-Yau compactifications without NS flux. This was accomplished using 
a hidden sector gauge bundle whose holomorphic structure fully stabilized the complex structure of the 
base. Combining this with other perturbative effects, such as slope-stability of the gauge bundle, and 
certain non-perturbative corrections to the superpotential, we were able to find AdS vacua in which all 
geometric moduli were stabilized. 

Our approach can be viewed in another, more fundamental, light. Instead of viewing it as a method 
of moduli stabilization, it should be observed that our approach is simply the correct identification of the 
local heterotic moduli space - that is, the identification of the only degrees of freedom which should have 
been considered in the first place. More precisely, the flat directions of a heterotic potential are actually 
counted by different quantities than those used historically. In the bulk of the literature, heterotic moduli 
have been taken to be 



Moduli 



Cohomology 



Complex Structure Kahler Bundle Moduli 



H^{X,TX) H^{X,TX'^) H^{X,End{V)) 



Here, H^{X,TX) = H^^^{X) and H'^{X,TX'') = H^'^{X) are the familiar complex structure and Kahler 
moduh of the Calabi-Yau threefold X, while H^iX, End(F)) = H^iX, V (g) V"") are the allowed holomor- 
phic fluctuations (for flxed complex structure) of the connection on a gauge bundle V ^ X. However, it 
is fundamentally wrong to identify these as the "moduli" of the supersymmetric vacuum space! In order 
to have an iV = 1 supersymmetric heterotic vacuum, the geometry must satisfy the Hermitian Yang-Mills 



equations [5] 

i^,b=F,, = , g'-^F.^^Q. (1.1) 

It is well-known that given a background configuration satisfying (jl.ip , not all fluctuations of the forms 
in the above Table preserve these conditions. The true flat directions, that is, those which satisfy the 
Hermitian Yang-Mills equations, are generally complicated combinations (and subsets) of these fields. 
Previous work |15]-[5T] investigated the constraints arising from g°'^F^i — 0, the slope-stability condition 
[52] on y, and the conditions this places on the combined Kahler and vector bundle moduli spaces. 

In more recent work [31] |32], the Fab = condition of vector bundle holomorphy was explored. 
Specifically, we observed that the moduli whose fluctuations preserve this equation are not those listed 
in the above Table. Rather, they are a particular combination of the complex structure and vector 
bundle moduli. This combination is well-known in the deformation theory of compact complex manifolds 
|53[ 1541 1551 1561 157) , and is defined by the cohomology group which counts the actual fluctuations which 
preserve holomorphy. This is given by 

H\X,Q), (1.2) 

where the bundle Q is constructed via the short exact sequence 

-^ End(y) -^Q^TX^Q (1.3) 

introduced by Atiyah in [53] . The deformations H^{X, Q) measure the first-order simultaneous deforma- 
tions of a bundle and its base in such a way that holomorphy is preserved. 

The importance of this deformation theory for heterotic string phenomenology was the central obser- 
vation of [3T]. However, having recognized the significance of bundle holomorphy for moduli stabilization, 
it is crucial to develop it into a practical tool that can be applied to realistic vacua. Given a particular 
Calabi-Yau threefold, there are a number of questions one would like to answer. These include: 

1. How does one efficiently decide whether a given holomorphic vector bundle constrains the complex 
structure moduli of X and, if so, how many such moduli are stabilized? 

2. Is there a simple method for selecting hidden sector vector bundles which will perturbatively fix all 
complex structure moduli of X7 

3. If such a class of hidden sector bundles could be found, how can one systematically and rapidly 
determine their properties and their compatibility with a realistic visible sector? 

We will answer these questions, at least in part, in this paper, and present a systematic study of vector 
bundle holomorphy and the associated stabilization mechanism within the context of several illustrative 
examples. In the process, we enhance the range of tools available to address holomorphic deformations 
and determine the moduli of a supersymmetric heterotic vacuum. 

Specifically, we make use of several different and complementary points of view to gather information 
about the deformation space H^{X, Q). In addition to computing this space directly using techniques 
in deformation theory, we also present an alternative approach that is computationally much easier. We 
refer to a direct computation of the moduli space H^{X, Q) through its defining sequence ()1.3|) as a "top 
down" approach, since this requires one to start with a fixed initial vector bundle and analyze fluctuations 
away from the given background. The alternative approach follows a "bottom up" point of view. This 
begins with the question: what geometric quantities (or "support" ) must be available in order to build a 
holomorphic vector bundle using a given construction? Furthermore, how do these quantities depend on 
the complex structure moduli of X? This "bottom up" approach is intuitively equivalent to the Atiyah 



computation of H^{X, Q). Within the context of a specific class of examples, we will demonstrate that it 
is, in fact, rigorously equivalent, and far simpler computationally. Finally, we show that in certain classes 
of examples it possible to explicitly determine the F-terms in the four-dimensional theory that correspond 
to the Fab — condition in (|1.1[) . 

The outline of this paper is as follows. In the following section, we briefly review the conditions for a 
supersymmetric heterotic vacuum and the way that these conditions enter the four-dimensional potential. 
In Section[2l we outline the theoretical framework for our discussion by introducing the basic fluctuation of 
the holomorphy condition. Fat — 0. In particular, we study this fluctuation from a ten-dimensional point 
of view, via the fluctuation of p.ip . and from a four-dimensional viewpoint, via the Chern-Simons three- 
form, ujj^'^ — F /\ A — ^A /\ A A A, contribution to the Gukov-Vafa-Witten superpotential. In Section |31 
we present the appropriate mathematical framework for determining the moduli; namely, the deformation 
theory of simultaneous holomorphic fluctuations of a bundle and its base. We review the properties of 
the space, Def (X, V) , of simultaneous changes of the complex structure of X and the connection A on 
V such that the bundle remains holomorphic. To this end, we develop the necessary mathematics of the 
Atiyah sequence (|1.3[) and the first order deformation space H^{X, Q). 

In SectionlH we explore the two complementary approaches to these geometric deformations within the 
context of a class of simple rank 2 vector bundles - an SU{2) extension 0^£^\/— >£^— >Oofa line 
bundle and its dual. First, we apply the deformation theory of Atiyah (that is, the "top down" approach) 
to this class of examples. Next, we consider the construction of such bundles from first principles and 
demonstrate that the essential defining geometric ingredient, the extension class </> € Ext^{C^ ,C), can 
"jump" with complex structure (this is the "bottom up" approach described above). Finally, we analyze 
the four-dimensional effective field theory for this class of examples and compute the F-terms associated 
with the vector bundle holomorphy. In Section [SJ we prove that these three viewpoints are equivalent for 
the chosen class of rank 2 extension bundles. 

To demonstrate the effectiveness of this approach to moduli stabilization, we provide a concrete ex- 
ample. In Section [6l we present a rank 2 extension bundle whose holomorphy fixes 80 out of 82 complex 
structure moduli of the Calabi-Yau threefold base. In Subsection 16.11 we combine this moduli stabiliza- 
tion with the effects of freely acting discrete automorphisms. These arise frequently in realistic heterotic 
compactifications. The same calculation is performed where, now, the threefold has been quotiented by 
a freely acting discrete symmetry, F = Z2 x Z3. In this case, the quotient bundle over the non-simply 
connected threefold X/T stabilizes 10 out of the 11 complex structure moduli. To show the general appli- 
cability of our analysis, we explore two different classes of vector bundles whose holomorphy constrains the 
complex structure of the Calabi-Yau threefold. In particular, we present a class of SU{Z) bundles whose 
holomorphy depends on a tri-linear (Yoneda) product and a rank 2 bundle, defined via the monad con- 
struction, which is holomorphic only when certain complex structure dependent bundle homomorphisms 
exist. 

In Section [8l we explore the structure of possible higher-order corrections to the calculations presented 
in the paper. In Subsection 18.21 a bound is derived on the dimension of the simultaneous deformations 
space, dim(Def(A', V))^ to all orders in the deformation expansion. Furthermore, in Section |9] we describe 
how bundles which are only holomorphic for isolated points in complex structure moduli space can be 
used as part of a comprehensive hidden sector mechanism to stabilize all geometric moduli in a heterotic 
compactification. Finally, in Section [10] conclusions and directions for future work are presented. In the 
Appendices we present a collection of useful technical results. We turn now to our first consideration - 
the conditions for N = \ supersymmetry in a heterotic vacuum. 



1.1 Supersymmetric Heterotic Vacua 

One of the conditions for a solution of heterotic string theory to preserve supersymmetry is that the 
variation of the ten-dimensional gaugino under supersymmetry transformations should vanish. If the 
manifold is taken to be a direct product of four-dimensional Minkowski space and a Calabi-Yau threefold, 
this condition gives rise to the so-called Hermitian Yang-Mills equations for zero slope, 

g-^F,^, = 0,Fab = 0,F-,-, = 0. (1.4) 

Here F is the gauge field strength associated with a connection A on a vector bundle V, and a and b are 
holomorphic and anti-holomorphic indices on the Calabi-Yau manifold. 

Let us consider a specific ten-dimensional field configuration for which equations (jl.4p are satisfied. If 
we now vary the Kahler and complex structure moduli of the Calabi-Yau threefold, there is no guarantee 
that the field strength will continue to satisfy these equations. The first equation in (|1.4[) clearly depends 
on the Kahler moduli through the presence of the metric. If we change the Kahler class, it could be that 
no solution to this equation will exist. This is associated with the D-term breaking of supersymmetry at 
so-called stability walls, and was discussed [17] and in detail in recent work by the authors [151 H^ [501 [5T] . 
The last two equations in (jl.4p are specified, in part, by the definition of holomorphic and anti-holomorphic 
coordinates on the compact space. This definition clearly depends on the complex structure. For a fixed 
topology of the gauge fields, specific changes in the complex structure of the Calabi-Yau threefold may be 
such that these two equations no longer have a solution. As discussed in [3TJ [H^ , this is associated with 
the _F-term breaking of supersymmetry by the complex structure moduli. 

What happens in the effective field theory when the moduli evolve so that the gauge fields break 
supersymmetry? One can see from the dimensional reduction of the ten-dimensional effective action of 
the Eg X Eg heterotic theory that there will be a positive definite potential in the non-supersymmetric 
parts of field space. To show this, consider the following three terms in the ten-dimensional effective 
action, 

5pa.tiai--^^/ V^WWf-l-tr(f(^))2-tri?n . (1.5) 

The notation here is standard [5] with the field strengths F'^^^ and F^'^'> being associated with the two Eg 
factors in the gauge group. One consequence of the ten-dimensional Bianchi Identity, 



dH '-' 



ftrF^i) A F(i) + trF(2) A i^(2) - tri? A i?] , (1.6) 



V2 
is its integrability condition, 

/ a; A (tr F(i) A F(i) + tr F(2) A F(2) - tr i? A i?) = , (1.7) 

where w is the Kahler form. Using the fact that we are working, to lowest order, with a Ricci flat metric 
on a manifold of SU{3) holonomy, equation (11.71) can be rewritten as 



A/io 



^ (tr(F(i))2 + tr(F(2))2 _ tri?^ + 2tr{FJ^l^ g"'^)'^ + 2tT{F^f g"'^)'^ (1.8) 

-Atrig^-^g'^'FJ^l^'F^^) - U,{g'^-^ g'^ F^^ F^)) = . 



Using this relation in (|1.5p . we arrive at the result 

^9[-^^t^{Fll>g^r--t.{F^£g'^r (1.9) 

+tr(g-5'''f.T4") + t^ig'-'-g'^F^^F^^)] . 



Wai - -^^' I V-g{-\tr{F^J^g^'f - ^tr(FJ)-^^2 



The terms in Eq. (11.91) form a part of the ten-dimensional theory which does not contain any four- 
dimensional derivatives. It therefore contributes, upon dimensional reduction, to the potential energy 
of the four-dimensional theory. In the case of a supersymmetric field configuration, the terms in the 
integrand of (|1.9p vanish, these being built out of precisely the objects which (|1.4p sets to zero. In this 
case, no potential is generated. At first glance it seems difficult to determine the precise form of the 
potential in (|1.9[) since the Calabi-Yau metric, g and the gauge field strength, F are not known explicitly 
except in very special examples (or via numerical methods such as [551 [5^ IMl IMl [S2]). However, in 
Ref. IISI HH] it was shown how this can be achieved for the potential which results from the first two 
terms in (11.91) . It was found that this is a positive D-term potential which described the loss of bundle 
supersymmetry due to a variation of the Kahler moduli |1|. Further, in (31] [32], we showed that if the 
complex structure moduli are varied so that the final two equations in (jl.41) no longer admit a solution, 
then the last two terms in (11.91) don't vanish and we again obtain a positive definite contribution to the 
four-dimensional potential energy, now, however, through a non-zero F-term. This effect can stabilize the 
complex structure moduli of the heterotic compactification. The purpose of this paper is to explore this 
latter type of supersymmetry breaking, and the associated stabilization of complex structure, in much 
greater detail. 

2 General Theory 

In this section, we consider solutions to ten-dimensional heterotic supergravity which preserve A^ = 1 
supersymmetry in four-dimensions. Specifically: 

• We choose the ten-dimensional manifold to be a direct product of four-dimensional Minkowski space 
and a Calabi-Yau threefold. Taking the H-flux to vanish, this is a solution to the Killing spinor 
equation arising from the supersymmetric variation of the gravitino. 

• We choose the dilaton to be constant. This is a solution to the Killing spinor equation arising from 
the supersymmetric dilatino variation. 

• We choose the gauge fields to be a connection on a poly-stable, holomorphic vector bundle V of zero 
slope. Due to the theorem of Donaldson, Uhlenbeck and Yau [63| [64], this is equivalent to fixing a 
solution to the Killing spinor equations arising from the gaugino variation on such a background. 
These equations are known as the Hermitian Yang-Mills equations for zero slope, and were presented 
in (II. 4p . The first equation in (jl.4p says that the gauge bundle V is poly-stable with zero slope, 
while the second and third equations, being complex conjugates of one another, both state that V 
is a holomorphic bundle. 

In addition, we must ensure that the integrability condition arising from the Bianchi identity [2 for the 
NS two-form is satisfied. This can be written as 

C2iTX)-C2iV)^[W] , (2.1) 

relating the second Chern classes of V and the holomorphic tangent bundle TX. Their difference must 
be the class [W] E H2{X, Z) of a holomorphic curve W, wrapped by five-branes. 

Given such a background, one can discuss the moduli space of fiuctuations about it. This is the set 
of possible field perturbations which continue to solve the above equations. Upon dimensional reduction. 



^Note that the first two terms in 1)1. 9|) are indeed a positive semi-definite contribution to the potential since \g"'''F^^[ 



these fluctuations correspond to flat directions in the effective potential - that is, massless moduli fields in 
the four-dimensional theory. In heterotic theory, these comprise fluctuations of the dilaton, the metric (in 
the form of perturbations to the Kahler class and the complex structure of the Calabi-Yau threefold) and 
the gauge fields. From the point of view of satisfying the Killing spinor equations arising from the gravitino 
variation, all variations of the Kahler class and complex structure of the Calabi-Yau threefold are allowed. 
Hence, they are normally all thought of as moduli. However, this conclusion is based on an assumption - 
namely, that these fluctuations are compatible with a solution to the other variation equations - notably 
the gaugino variation leading to (|1.4I) . In previous papers [IHl HH] and [21] , we discussed the implications 
of the fact that this is generally not true for the Kahler moduli and complex structure moduli respectively. 
In this paper, we greatly elaborate upon the latter of these two observations. 

2.1 lOD field equations 

We wish to consider the structure of the solutions to (jl.4[) as one varies the complex structure of the Calabi- 
Yau threefold. In this context, it is clearly inconvenient to express the equations in the holomorphic indices 
associated with a fixed complex structure, as was done in (11.41) . The equations can be reformulated in 
terms of an arbitrary set of real coordinates using of the "projector" PJ^ = (1 '^ -I- iJ,^) and its conjugate 
PJ^ = (1^ — iJa), where J is the complex structure tensor and ^,1^ — 1,...,6. The HYM equations p.4p 
can then be written as 

g^''P;PtF,s = 0, (2.2) 

P^"Pp"F-'y = , P^^Pp^F.^ = . (2.3) 

This makes the complex structure dependence of the equations explicit. 

Let us start with a solution to ()2.2|) and ()2.3|) for a specific choice of complex structure and then vary 
the complex structure, keeping the Kahler class of the Calabi-Yau threefold fixed. In addition we will 
not vary the bundle moduli. The bundle moduli correspond to perturbations of the gauge field which 
are elements of H^{V (E) V"^). They can always be added to the connection without spoiling a solution 
to (|2.2p and (|2.3I) . We will, however, allow arbitrary non-harmonic variations of the gauge field to occur 
as we change the complex structure. These correspond to the possible ways in which the gauge field can 
adjust in an attempt to satisfy equations (|2.2p and (|2.3p for the perturbed complex structure. It should 
be noted that not varying the Kahler and bundle moduli is a choice we are making for ease of exposition. 
Including the effects of such changes to the ten- dimensional solution is a trivial extension of our analysis 
and does not change our results. 

We will denote unperturbed objects with a superscript "(0)" and our small changes with a 5. Thus, 
we have the perturbation to the complex structure, J = J*^'^-' -I- SJ, which induces P = P*^"^ + SP and the 
perturbed gauge connection A — A'-^^ + 5 A. Substituting these into (|2.3p gives one the constraints on the 
change in complex structure for which it is possible to vary A and still have a solution to that equation 
- that is, it tells us for which variations of complex structure the connection can adjust itself so as to 
remain holomorphic. It is expedient to write the results in terms of holomorphic and anti-holomorphic 
coordinates associated with the unperturbed complex structure J^^' . Demanding that both J and J^^' 
square to one tells us that, in these coordinates, the only non-zero components of the variation of J are 
SjJ' and 5Jj^. Demanding that both J and j'°^ have vanishing Nijenhuis tensor (the definition of an 
integrable complex structure) tells us that the perturbations to j(°^ are harmonic, and thus allows us to 
write SJj^ = —iv^j^Si^, where vi are tangent bundle valued harmonic one-forms and 6i^ are variations of 



the complex structure moduli 3^. Substituting this into (I2.3P yields, to first-order in small perturbations, 
the equation 

'53SV]^S+24"^'5^^]=0- (2-4) 

The first term in p.4p is the amount of the original (1,1) part of the field strength that gets rotated into 
(0,2) components by the change in complex structure. The second term is the change in the, initially 
vanishing, (0,2) part of the field strength due to a change in the gauge connection. 

If for a given 6^^ there is a solution to (|2.4p for 6 A, then the resulting complex structure deformation - 
in combination with the gauge field change 6A - is a modulus. That is, the gauge field can adapt to stay 
holomorphic as the complex structure of the Calabi-Yau threefold varies. If, however, there is no solution 
to (|2.4p for a given Jj^, then no such adaptation of the connection is possible. It follows that the complex 
structure deformation can not preserve supersymmetry and is not a modulus of the compactification. 
The associated complex structure field in the four-dimensional effective theory will then be massive - 
something we will see explicitly in Section 12.21 In other words, any complex structure moduli which do 
not obey equation ()2.4|) for some SA are unambiguously stabilized by the structure of the vector bundle 
V. 

2.1.1 Induced Fluctuations of F^'^ 

If there exists no 6 A which satisfies (j2.4p for a given 6y , then the gauge connection can not remain 
holomorphic under such a change of complex structure and supersymmetry is unambiguously broken. If, 
however, such SA^s do exist, one still has not shown that the associated change in complex structure can 
preserve supersymmetry. We must show that in addition to satisfying (j2.4p . SA can also solve equation 
(|2.2p . Perturbing (|2.2p in the same manner as we did (|2.3p . one obtains, to linear order in the fluctuations. 



gio)ah2Di%^_^ = . (2.5) 

We have again written the result in terms of holomorphic indices associated with the unperturbed complex 
structure. We now show that (|2.5I) can always be satisfied. 

For a given S^^ , the most general solution to (j2.4[) can be written as SAa — SAa + D^^ A, where A 
is any bundle valued function and 5 A is any specific solution to (J2.4I) . An arbitrary harmonic bundle 
valued one-form can always be added to this expression. However, this simply corresponds to a shift in 
the bundle moduli which we have already declared to be fixed. Substituting this expression for 5 A into 
(|2.5p . we find the following equation for A, 

5(°)'^^aa9-,A + 5 = 0, (2.6) 

where we have defined the quantity S — g^^^'^''2D^j6A-iiT. To proceed further, one requires an elementary 
result in elliptic theory [78] that tells us that this equation has a solution if and only if S integrates to 
zero over the Calabi-Yau threefold. This vanishing is known to hold (see [66] for a discussion). 

Finally, if we impose the condition that 5 A -^ when 6^^ — > 0, then the solution for A, whose existence 
has been demonstrated above, is unique. We conclude that if a solution to (|2.4p exits, then there is a 
unique SA which also satisfies (|2.2p and goes to zero as we take S^ — > 0. Therefore, in investigating 
whether complex structure moduli are stabilized by the presence of the gauge bundle, one need only ask 
if there is a solution to (|2.4p . In summary, to decide whether or not the structure of the gauge bundle 
fixes/does not fix a complex structure modulus, one simply has to determine whether equation (|2.4p does 

9 



not/does have a solution. If there exists any solution to (|2.4[) for a given 5j' , then one is guaranteed that 
there is a solution which simultaneously satisfies (|2.5p as well. 

2.2 The 4D Field Theory 

The structure that we have investigated in the previous sections appears in the four-dimensional theory 
through dimensional reduction. To see this, note that the background gauge configuration determined by 
V contributes to the three-form field strength, which may be locally written as, 

i^ = dB_^(^3yM_^3L) ^ (2.7) 

v2 

where w^^*^, and w^^ are the gauge and gravitational Chern-Simons forms. In particular, w'^^*^ = 
tr(F A A — ^A A A A A). The H field provides a contribution to the four-dimensional theory via the 
Gukov-Vafa-Witten superpotential [91] 



W= VlaH . (2.8) 

Jx 

This expression is a function of the complex structure moduli 3° and fields Ci descending from the ten- 
dimensional gauge fields. These parametrize the volume form Q, and w^^*^ respectively. It is important 
to note that we take the dB term in (|2.7p to be topologically trivial globally and, hence, it does not lead 
to [_ff]-fiux which could deform the base geometry away from SU{i) holonomy. Instead, the geometry of 
X is a complex, Kahler, Calabi-Yau threefold (with non- vanishing Ricci tensor only at order a' [SI]). 

It is well-established that the holomorphic gauge field strength Fab dimensionally reduces to give 
terms of the form ^^ in the four-dimensional theory. In this section, we are restricting our discussion to 
a supersymmetric Minkowski vacuum. Hence, W = Q and the F-terms are of the form 

dW 3a' /• ^ 9^3^*^ , , 

Equation (12. 9p follows from the fact that only uj^^^'^ depends on the fields Ci. For any initial complex 
structure 3'"'° for which the connection A^"^ is holomorphic and supersymmetric, all Fd = 0. 

In this context, let us repeat the analysis of the fluctuations 5^, 5 A. The variation iJj" of the complex 
structure will induce a fluctuation in il. For the gauge connection 

A^ = 4") + 5A^ + uj]^5C, + u]^5C, , (2.10) 

where the uj are harmonic forms with respect to the background connection A^^' and 5Ci are the variations 
of d. To linear order in 5i°- and 5A^ the fluctuation of the F-term in ()2.9p gives 



(5(Fc.) = / 6--^e'"'=fii°i2u;rtr(r.T,) (<53'^/^[s<|if + 2^[°^K]) ' (2-11) 



Clearly, for complex structure deformations ^j" for which there exists 6 A satisfying 5i^Vj,-F^ .j^ + 
2D,- SAt. = 0, all Fci terms vanish. It follows that these deformations are not obstructed by the 
potential energy and, hence, are complex structure moduli. On the other hand, for deformations (^3° 
for which there is no SA which sets the integrand to zero, at least one F^ term is non-vanishing. The 
corresponding complex structure deformations are then obstructed by a positive potential and, hence, 
these fields are massive and fixed at their initial value. The key point is that the bracket in (|2.1ip is 
identical to the left-hand side of Eq. (|2.4I) which was derived from the Hermitian Yang-Mills equations 
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and, hence, that the conclusions froni the lO-dimensional and the four-dimensional effective theories are 
consistent. 

The above discussion is subject to the following caveat. The complex structure deformations obstructed 
in ten-dimensions are not zero-modes and generically have a mass of the same order as other heavy 
states descending from the gauge fields. Hence, they should not really be regarded as fields in the four- 
dimensional effective theory. There are examples, however, when this mass, although non-zero, will be 
suppressed relative to other mass scales [22]. In such cases, the four-dimensional discussion of fixing some 
complex structure moduli is valid. We will provide examples in later sections in which regions of moduli 
space can be found where the fluctuations ^3" are comparatively light. 

3 The Atiyah Class 

3.1 The Atiyah Class and Simultaneous Deformations 

In the previous section, we considered the simultaneous variation of the complex structure and vector 
bundle moduli. In this section, we turn to the mathematical description of these fluctuations in terms of 
deformations of the Calabi-Yau threefold X and a vector bundle V over it. 

The relevant setting for such a discussion is mathematical deformation theory [531 ISS] and there exist 
powerful tools available to analyze generic fluctuations. The familiar moduli of the four-dimensional 
effective theory correspond to infinitesimal deformations of the complex compactification geometry which 
preserve the local holomorphic structure - that is, the holomorphic structure of both X and V . What 
we referred to as the complex structure and vector bundle moduli in Section [2] are associated with the 
following objects in deformation theory. 

Definition 1. LetY)ei{X) denote the space of deformations of X as a complex manifold. To first- order, 
these deformations are parametrized by the vector space H^{X,TX) = H'^'^{X). These are the complex 
structure deformations of X . 

Definition 2. For a fixed value of the complex structure moduli, that is, for a fixed complex manifold 
X , let Def(V^) denote the deformation space of the vector bundle V . The first-order deformation.^ of the 
vector bundle are measured by i7^(End(l^)) = H^{V x V'^). These are called the bundle moduli ofV. 

These two quantities are familiar quantities in heterotic compactifications. However, what one is 
ultimately interested in is the vacuum space of our theory, and this corresponds to a different object in 
deformation theory. 

Definition 3. The space of simultaneous holomorphic deformations ofV and X is denoted by Dei{V, X). 
The tangent space to this first order deformation space is given by a cohomology, H^(X, Q), where Q is 
defined by the following short exact sequence 

O^V(g)V"'^Q^TX^O. (3.1) 

This sequence was first introduced in a classic paper [53] by Atiyah and we will refer to it as the "Atiyah 
Sequence" . The sequence in p.ip can be derived from the notion of a simultaneous deformation space 



In fact, the cohomology that counts the gauge singlets arising from the vector bundle in a heterotic compactifica- 
tion is H^{X,'Endo{V)) - the (0, l)-fornis valued in the traceless endomorphims of V. However, since _ff^(X, Endo(V)) = 
H^{X, End(V)) where End(F) = V^ x V"^ , we will frequently simply refer to the bundle moduli as arising from V (g) V"^ . 
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Def(T/, X) as deformations of the total space of the bundle n : V —)' X. A brief review of this derivation is 
given in Appendix \X\ For now, we simply note that, by definition, H^{X, Q) describes the simultaneous 
infinitesimal deformations of X and V which preserve their structure as complex spaces and this is precisely 
what we must understand in heterotic theory. To illustrate the utility of this definition of Q, we need 
only examine the long exact sequence in cohomology associated with (|3.ip . Since TX is a stable bundle 
H^{TX) = H^{TX) = and the long exact sequence takes the form 

Q^H^{X,V® V) ^ H\X, Q) H H\X, TX) ^ H^{X, V^V)^ ... (3.2) 

First, since H^{X,V ® V"^) injects into H^{X, Q), the familiar vector bundle moduli are clearly a sub- 
space of H^{X, Q). This is in agreement with the observation made in the section on the field theory 
analysis, just under equation (|2.3p . that any change to the bundle moduli preserves a solution to (12. 2p 
and (113]). 

What about the complex structure moduli? The projection dn tells us which of the deformations of 
the complex structure of the base Calabi-Yau threefold descend from the allowed deformations of the 
total system. If an element in H^{X,TX) is in the image of di:, it corresponds to a complex structure 
deformation which can be obtained from the allowed deformations of the bundle H^{X, Q). If not, then 
that deformation of the complex structure is not compatible with maintaining a holomorphic bundle. If 
the map dn from H^{X,Q) to H^{X,TX) is surjective, then it follows that the relevant cohomology 
group splits into two pieces 

i/i {X, Q) ^H\X,V(g)V'')(S H^ (X, TX) . (3.3) 

That is, if the map dir is surjective, then for every element of Dei{X) there corresponds an associated 
element of Def(y, X). In this case, the simultaneous deformation space maps onto the space of complex 
structure. In other words, for each value of the complex structure moduli, the bundle is holomorphic. 
However, in general the map dn is not surjectivel In general, all one can say is that 

HHX,Q) = HHX,V(g)V'')®lm{dTr) (3.4) 

and Im(d7r) is only a subset of the complex structure moduli H^{X,TX). In this case, there exists some 
values of the complex structure moduli for which the bundle cannot be made holomorphic - that is, 
which do not correspond to points in the simultaneous deformation space Dei{V,X). It is difficult to 
formulate the map dn explicitly since we have defined Q itself indirectly. However, since (j3.2p is exact, 
it follows that lTa{dn) = Kcr(Q;). Thus, we can determine the properties of dn by considering the map 
a e H^{X, V (E) V^ (E) TX"^). This map, called the Atiyah class, was introduced by Atiyah in 53J and is 
defined to be 

a = [F^''^]€H\VE)V'^ ^TX"") . (3.5) 

The Atiyah class is the cohomology class of the {1, l}-component of the field strength (evaluated at a 
specific starting background which we are deforming away from]f|. By exactness, the actual moduli of the 
supersymmetric heterotic vacuum include only those elements v G H^(X, TX) for which 

a{iy)^OeH^{X,V®V"^) . (3.6) 



''Note that to define Dei{V, X) we must first specify the background we will deform away from. That is, we must choose a 
valid, holomorphic starting point. 
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The image of a measures the complex structure nioduh that are fixed. 

To make contact with the analysis of the proceeding subsections, let us write out the condition for an 
element of H^{X,TX) to be in Ker(Q:) in form notation. There is a one-to-one correspondence between 
elements of H^{X,TX) and tangent bundle valued harmonic one-forms. As in earlier sections, we denote 
a basis of such forms by vj and a given element in terms of the linear combination 6^^vj. From p.Sp . the 
map a is simply the cohomology class of the field strength we are perturbing. The image of an element 
of H^{X,TX), described above, under the a map is then given by the expression 

^3'-?[.<|l] • (3-7) 

This is a bundle valued (0, 2) form, consistent with being an element of the target space H^{X, V ^ V"^). 
We hit the zero element of the the target cohomology if and only if this image is an exact form - that is, 
if there exists some bundle valued one form Fg such that 

Si'^m^m - -K% ■ (3.8) 

This condition for the 6^ to be perturbations which leave the bundle holomorphic, is the same as those we 
found via the ten-dimensional supersymmetry analysis in equation (j2.4p . In making this correspondence, 
we have set F^ = SAjj. This is permissible since both are any bundle- valued one- form which solves the 
equatiorQ. 

Thus, the Atiyah class measures which deformations of the total space can preserve holomorphy of 
the system. That is, for which directions in complex structure moduli space H^{X,TX) it is possible to 
satisfy the equation 

Fab - i^afc = . (3.9) 

The remainder of this paper will develop tools, provide examples and explore this Atiyah deformation 
structure in detail. Before moving on, we briefly return to the other half of the Hermitian Yang-Mills 
equations and the induced fluctuation of g^^i^^^. 

3.1.1 Holomorphic Fluctuations and Slope-Stability 

In subsection 12 . 1 . II we pointed out that equation (|2.4p is all one needs to consider in determining which 
complex structure moduli are fixed by the structure of the gauge bundle, and which arc not. The remaining 
equation, g°'''F^i = can always be satisfied if (12.41) is. This result can also be understood from an algebraic 
geometry point of view. Consider the following three-step argument. 



• If the perturbed complex structure is in the kernel of the map a, that is, if (j2.4p admits a solution, 
then, by definition, the bundle is holomorphic for the perturbed complex structure. 

• The property of poly-stability is open in complex structure moduli space [65]. This means that, 
given that the bundle was taken to be polystable with respect to the initial complex structure, it is 
polystable with respect to the perturbed complex structure as well. 



4t. 



*Note that this description of the map a in the long exact sequence 1)3. 2p is consistent with the elements of the source and 
target, as well as the map, actually being equivalence classes of forms, with two object being identified if they differ by an exact 
piece. Adding an exact piece to ($3 vi does not change the cohomology class of the image (|3.7p . A similar statement holds for 
the map itself. Thus any representative elements of the appropriate equivalence classes for the source and map spaces may be 
chosen in performing the computation without changing the result. 
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• Finally, given the above two observations, the Donaldson-Uhlenbeck-Yau theorem [551 IM] then tells 
us that, for fixed Kahler and bundle moduli, there exists a unique holomorphic connection which 
also solves the equation g°'^F^i — (equation (|2.5p in the language of subsection 12. l.ip . 

Thus, the discussion in ten-dimensional field theory, that is, differential geometry, given in Section [2.1l 
is precisely reproduced in algebraic geometry, as expected. 

4 Three Approaches to Hidden Sector StabiUzation 

In previous sections, we introduced the formalism of the Atiyah class and demonstrated that the presence 
of a holomorphic vector bundle over a Calabi-Yau threefold can constrain the complex structure moduli. 
In this section, we explore a concrete class of examples and develop some of the tools necessary for 
computing the simultaneous deformation space H^{X, Q). In addition, to facilitate moduli stabilization 
in realistic models, we will systematically construct classes of hidden sector gauge bundles in heterotic 
theories that stabilize large numbers of complex structure moduli. 

To efficiently use the tool of bundle holomorphy, we take a number of different approaches to the 
problem. The first of these is the one presented in previous sections using the deformation theory of 
Atiyah. In this "top down" approach, one specifies a heterotic geometry (consisting of X and tt : V —)' 
X) and performs the Atiyah analysis of Section |3] to determine the structure of the local simultaneous 
deformation space parametrized by H^(X, Q). There is, however, an an alternative way to proceed. 
Instead of beginning with a given geometry, a holomorphic starting point in the total moduli space and 
then performing the Atiyah computation to decide which elements of H^{X, TX) preserve F^b — 0, one can 
take a "bottom up" approach. In this case, rather than analyze a given bundle, we would ask a different 
question: Given a certain type of bundle construction, what geometric ingredients must be available if we 
are to build a holomorphic bundle? Finally, in a third approach, one could attempt to gain insight on the 
stabilization of moduli from the four-dimensional effective field theory itself. As we will see in subsequent 
sections, these approaches frequently encode the same calculations in different form and, in many cases, 
can be proven to be equivalent. However, they can differ widely in their level of computational difficulty. 
In a given situation, information may be more readily obtained from one method over another. 

To explore this rich structure, we begin with the simplest possible vector bundles and work our way 
upwards in complexity. The simplest class of examples that comes to mind are line bundles. However, it 
is straightforward to show that in the case of line bundles, while the Atiyah class, a = [F^'^], is generically 
non- vanishing, its image is always trivial. Since the target space of the Atiyah map H^{X,F,nd{L)) = 
H^{X, Ox) = for a line bundle, the map dn in (|3.2I) is always surjective and a line bundle on a Calabi- 
Yau threefold deforms with the base X. Line bundles, therefore, place no constraint on the complex 
structure moduli. 

We turn next to a slightly more complicated class of vector bundles - an SU{2) bundle defined as a 
non-trivial extension of a line bundle, C, and its dual; that is, 

O^C^V^C'^O. (4.1) 
As usual, the space of possible extensions is given by 

Ext\C'',C)^H\C'') . (4.2) 

We say that an extension is "split" or "trivial" if V is given by the direct sum V = C® C^ . The split 
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extension corresponds to the zero element in H^{L^), while any non-zero element of this cohomology 
defines an indecomposable rank 2 bundle. 

Although we are primarily interested in the vanishing F-terms associated with the condition that 
Fab = in the Hermitian Yang-Mills equations, we must also guarantee that any bundles we study have 
vanishing D-terms associated with g'^^F^i ~ in order to have an TV = f supersymmetric theory. That 
is, we require that V he a. slope-stable vector bundle [2|. In the following, we choose the line bundle C 
and the Kahler form w so that 

^('^) = rTTTT / ci('C)^^^^<0- (4-3) 

rank[V) Jx 

It is straightforward to verify that for an open region of Kahler moduli space, the SU{2) bundle V is 
slope-stable [35] and, hence, the D-term described in Section [T] vanishes. For any such line bundle, £, it 
follows from (|4.3I) that H^{X^C) ~ H'^{X,C^) — 0. Furthermore, as we derive in Appendix iBl for fixed 
complex structure when the extension is non-trivial the bundle moduli are counted by 

h^{X,V xV") = h\X,C'') + h\X,C''^) -1 . (4.4) 

To explicitly illustrate the behavior of this class of examples, we will further assume a simple structure 
for the Calabi-Yau threefold. We take X to be defined as a hypersurface in a ambient space comprised 
of direct products of projective spaces. As we will see in the remainder of this section, even this simple 
class of bundles can provide significant constraints on the complex structure moduli of X. We turn now 
to the first of our three approaches. 

4.1 Atiyah Computation 

To perform the Atiyah analysis for the bundle in (|4.ip , we need to explicitly describe the source and target 
spaces, H^{X,TX) and H'^{X,V ® V"^) respectively, of the Atiyah map and determine which element in 
H^{V (E)^^ (E) TX'^) is the Atiyah class, a. 

Let us begin with H^{X, TX), the simplest space to analyze. The tangent bundle associated with the 
class of CY threefolds described in this paper will be defined through a pair of short exact sequences [52] . 
Consider X C A, where A is defined as the direct product of projective spaces P™^ x . . . x P™" . Let X 
itself be defined by the vanishing of a polynomial p E H'-*(A,JV) for some ample line bundle Af. Then the 
tangent bundle is described by the pair of short exact sequences 

0->O|"-^ Ox{D,f-''^+^^ ^TA\x^O , (4.5) 

i— l,...,n 

O^TX ^TA\x^Af ^0 (4.6) 

over X. The Di are the restriction of the hyperplane divisors of each projective factor of the ambient 
space A, and the polynomial maps li^2 satisfy 

l2oh=p {=OonX) . (4.7) 

It follows that the description of the complex structure moduli space H^{X,TX) is given by 

The above quotienting of H'^{X,J\f) then amounts to the degrees of freedom in the defining polynomial, 
p, modulo the GL{k, C) transformations of the coordinates of the ambient space A. 
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Next, we describe the target of the Atiyah map H^{X, V (^V^^) for the bundle V defined in (|4.ip . The 
somewhat lengthy calculation of this cohomology is carried out in Appendix [BJ Here, we simply present 
the final result 

H^iX, V(g>V'^)^ H^X, £2) © Ker(0 : H^{X, C^) -^ C) , (4.9) 

where G H^{X, C"^) is the extension class defining V in (|4.1I) . 

Finally, we must describe the cohomology H^{X, V (E) V^ (E) TX^) containing the Atiyah class, a. By 
definition, we have the following array of short exact sequences. 



4" 4" 4" 

-^ £®2^rX^ -^ V(g>C(g>TX'^ -^ TX'^ -^ 

4- -r ~r 

-^ £®y^(g)rA:^ -^ y^y^^Tx^ -^ c (eV^ (etx"^ -^ o (4.10) 

4- 4 4- 

-^ TX'^ -^ C®V®TX'^ -^ £V®2(g)TA:^ -^ 

4" 4 4" 

000 

Beginning with the first column, we observe that H"{X,C'^ (g) TAT^) and H°{X,TX'^) are both van- 
ishing and, hence, H'^{X, CE^V^ (g) TX"^) = 0. Moreover, H^{X, L^ ® TX^) = by the stability of the 
tangent bundle and, therefore, H'^{X, L®^^ ® TX^) = 0. The remaining cohomology oi C(g)V^ (g) TAT^ 
is given by the following long exact sequence 



0^ H^XX^f^TX"") -^ H^{X,C®V'^ ^TX"^)^ H'^{X,TX'^) (4.11) 

h H'^(X, C? (g) TX"") -> H^{X, £ (g y'' (g) TX"") -^ H'\X, TX^) -^ . 



We can canonically decompose the cohomology in terms of kernels and cokernels of the coboundary map, 

/3i, as 

H^ (a:, Cg)V^ ® TX"") ~ H^ {X, £2 TX"") ® Ker (/3i : H^ {X, TX"") -^ H^iX, C^ ® TX^)) . (4.12) 
Similarly, the last column of (I4.10p gives us the long exact sequence 

0-^ H\X,TX'') -^ H^{X,C'^ ®V'^ ®TX'^) -^ H^{X,C'^^ giTX'^) (4.13) 

^ H^iX.TX") -^ H^iX.C" ® V"" ^TX"") -^ H\X,C'^^ » TX"") -^ 
and, hence, 

H^XX"^ ^V" giTX'') c^H\X,TX'') ® Ker (^2 : H^{X,C^'^ ®TX^) -^ H^{X,TX'')] . (4.14) 

Note that as (0, l)-forms both /?i and (32 are simply given by the extension class, (p g H^{X, C"^) associated 
with V in (|4TT|) . 

Finally, we can combine this information to determine H^{X,V (g V"^ g) TAT^). The middle row of 
(|4.10l) leads to the long exact sequence 

0-^H\X,£<»V'' g) TX"") -^ H\X, F ® y"" (g) TX"") -^ H\X, C"" g)V"' g) TX"") (4.15) 

^ H^{X,Cg, V"" g) TX'^) -^ H\X, VgiV"" g) TX'^) -^ H'^{X,C'^ ^V^ g) TX'^) -^ 
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and the cohoniology of interest decomposes as 

H\X,V(^V"^ (^TX"") ^H'^{X,C®V^ ®TX'^) (4.16) 

e Ker (/33 : H'^{X, C"" ®V'^ ® TX^) ^ H^{X, £ ® F^ (g) TX^)) 
= H\X, £2 (g) TX'^) ® Ker(/3i) 
e Ker (/33 : (-ff^(X, TX'') Ker(/32)) ^ -ff^(X, £ (g V^'' «) TX"")) 

where Ker(/3i) and Ker(/32) are defined in (|4.1ip and (j4.13p respectively. 

At first view, the sub-structure of this cohomology group might seem rather comphcated. However, 
as we win demonstrate next, in fact only one component of this space - given by the simple cohomology 
H^{X,C^ ® TX'^) - is actually relevant for the Atiyah computation for the bundle in (|4.ip . Inspection of 
(|4.16l) reveals that the cohomology group H^{X, V ® V^ ® TX^) containing the Atiyah class a — [F^'^] 
is filtered by four components (which describe the possible index types). These are 

Kev{l3i)(zH^{X,TX^) , H\X,TX'') , H\X,C'^ ^TX"") , Kcr{(32) C H^X^C""^ (giTX"") . (4.17) 

It is straightforward to show that only one of these components can contain the class of the physical field 
strength, [i^^^^], associated with V in (|4.ip . RecaU that for a bundle of the form 0^-£— ^F^-£^^0 
defined by an extension class (p e H^{X, £^), the transition functions take the form [47] 




(4.18) 

where a;i^2 are the transition functions associated with C and £^ respectively and the lower left entry in 
(|4.18p corresponds to the dual extension to (14.11) . parametrized by H^{X,C^ ). For the case at hand, 
this is vanishing since our background gauge configuration associated with the bundle described by (|4.ip 
corresponds to a non-trivial extension class in H^{X, C^) only. The Atiyah class can be written in terms 
of the transition functions (relative to local trivializations, ti on the patch Ui) as the Cech co-cycle on an 
intersection Uij. 

a = [Fi'i] = {C/,„ tji . (tr^^dU,) ■ t,} (4.19) 

As a result, the field strength is always has the same block form as in the decomposition given in (|4.17p 
and (|4.18p . Moreover, since line bundles deform with their base, it is clear that the two components of the 
form H^{X,TX'^) in (|4.17p can never contribute a non-trivial image to the Atiyah map in (|3.2p . Thus, 
for the non-trivial extension bundle defined in (j4.ip . the background field strength defines a the non-zero 

class 

a e if ^ {X, C? ® TX"") C n^ (X, V ^V"" ® TX"") . (4.20) 



It follows from the special structure of the Atiyah class associated with (|4.ip that only one component 
of iJ2(A:, F(g)F^) in (|i^ can contribute to the image of the Atiyah map in ([5^ . Because a G H'^{X,£?® 
TX'^), the image of the map must be given by 

H^{X,C^)CH^{X,V(E)V"') . (4.21) 

Note that by Serre duality [55], this space is dual to H^{X, C? ) - the space defining the so called "dual 
extensions" to (|4.ip . We now have all the ingredients we need to proceed with this "top down" calculation. 
Given an explicit bundle, one can compute the map 

a: H\X,TX)^ H^{X,C^) (4.22) 
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where a is defined as in (|4.20l) . The main point of this calculation is that, despite the complicated 
structure of the space (|4.16l) and the source and target spaces of the Atiyah map, we get to a relatively 
simple picture on how the Atiyah map acts. Source and target spaces can be taken to be the relatively 
simple cohomologies in (I4.2ip and (|4.8|) . and the Atiyah map itself is an element of H^{X,C^ (E) TX^), 
which is one of the components of (|4.16l) . For explicit bundles, these cohomologies can be worked out 
by direct computation using, for example, Cech cohomology or, in the (multi-)projective case, the Bott- 
Borel-Weil description of cohomology. We should add one final comment. It is worth noting that, in 
general, given a bundle defined by extension, and a specific extension class such as (|4.2p . it is a difficult 
problem to determine which class a is induced in H^{X, V (E) V^ (E) TX^) by the physical field strength 
[F^'^]. In later sections, we will give an example of an explicit geometry of the form (|4.ip . In that 
context, we will demonstrate that a generic extension class </) e H^{X,C^) induces a generic element 
aeH^{X,C'^®TX''). 

4.2 "Jumping" Cohomology and Extension Classes 

In this section, we approach the question of the moduli stabilization induced by V in (|4.ip by a second, 
"bottom up" approach. Rather than performing the Atiyah calculation described above, we could instead 
ask, given a starting point in moduli space, what are the necessary ingredients to define a holomorphic 
SU{2) bundle of this given type? To this end, we have chosen the extension bundle in (14.11) not only 
because of its simple structure, but also because the construction of such bundles can depend on the 
complex structure in a manifest and calculable way. 

To define the SU{2) bundle in (|4.ip . the only requisite ingredients are a holomorphic line bundle 
C satisfying /i(£) < 0, and a non-trivial extension class in H^{X,C^) which can be used to define 
the transition functions in (I4.18P which locally "glue" C to C^ to form a rank 2 non-Abelian gauge 
configuration. But what happens if we consider a line bundle C for which H^{X, C^) is generically zero? 
It might seem in this case that an indecomposable bundle of the form (14. ip simply cannot be defined. 
However, it is well known that line bundle cohomology can "jump" over higher co-dimensional loci in 
complex structure moduli space. As a result, we could begin on a locus in complex structure moduli 
space for which H^{X,C^) ^ and ask what happens to the bundle when we perturb the complex 
structure away from that locus? 

Consider a point 30 on this locus and a variation 5i to a point in complex structure moduli space 
for which the Ext group H^{X,C'^) — 0. What does the vanishing of this Ext tell us about solutions 
to Fab = 0? To answer this, first note that, by definition, the vanishing of the extension group means 
that there does not exist a holomorphic, indecomposable SU{2)-valued extension bundle for the complex 
structure 30 + <^3- One of the conditions "indecomposable" or "holomorphic" must fail. It is, in fact, the 
second condition that fails, the bundle will not be holomorphic for directions in complex structure space 
for which H^{X, £^) = 0. The astute reader might ask: what about the direct sum £ © £^? This bundle 
can certainly be holomorphically defined for the new complex structure 30 + ^S- Could a deformation 
SA which solves the fluctuation equation ()2.4p break the indecomposable bundle V in (|4.ip into the split 
sum of line bundles? The answer to this question is no, for two reasons. First, by construction, our 
starting background was chosen to be in the stable region of Kahler moduli space. For such a choice 
of Kahler moduli, the associated gauge connection, Aq, satisfying the Hermitian-Yang-Mills equations is 
indecomposable and cannot be deformed into a split connection by any infinitesimal transformation SA. 
Even ignoring this fact, if such a 6 A existed, it is clear that since the direct sum of line bundles, £ © £^ , is 
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not poly-stable, such a deformation 5 A would break supersymmetry! Hence, the associated S}, field would 
be massive and, hence, stabilized. In fact, by the theorems stated at the end of Section [3l we should 
recall that, since stability is an open property in complex structure moduli space, for any pair Jj, SA which 
solves (|2.4p . there is a solution to g°'^F^i = 0. As a result, since the proposed 5i fluctuation would result 
in a 5 A violating slope-stability (that is, g'^^F^^ = 0), it is clear that there exists no 5 A which solves \2.4^ 
for a ^3o which causes the Ext to vanish. 

In summary: when the complex structure are varied so that the Ext group goes to zero, the bundle 
defined in (|4.ip . while remaining slope-stable and indecomposable, becomes non-holomorphic. In fact, the 
form defining the extension class, (j) G iJ^jf, (X, £^), does not vanish when we vary the complex structure 
moduli. Instead, 4> is simply no longer a closed (0, l)-form with respect to the new complex structure. 
That is, no indecomposable extension bundle exists holomorphically. Such behavior should correspond to 
a non-trivial image for the Atiyah map in (13. 2p and provides us with a second, in principle independent, 
way to study the holomorphy of V in (14. ip . Indeed, we will demonstrate in the following sections that 
for simple rank 2 extensions such as (|4.ip . these two calculations - the jumping Ext and the Atiyah 
calculation - give precisely the same answer. 

Before we address this equivalency, let us describe how one decides where the cohomology H^{X,C'^) 
jumps in dimension. In general, deciding this requires a detailed knowledge of line bundle cohomology 
over the threefold X (and the computation can take many different forms depending on the construction 
oi X). For concreteness, we illustrate this calculation for a simple class of CY threefolds, those defined 
as a hypersurface in a product of projective spaces A = P"^ x . . . x P"™. In this case, X is a "favorable" 
manifold [7T] in the sense that its Picard group is spanned by the restriction to X of ambient divisors, 
Di, associated with the hyperplane class in P"'. A line bundle C^ on X is related to line bundles £^ on 
the ambient space A via the Koszul sequence [S^ 

Q ^ N"" ® C\^ C\^ C^ ^ Q , (4.23) 

where N is the normal bundle oi X d A and po G H^{A,Af) is polynomial whose vanishing in A defines 
the hypersurface X. The cohomology H^{X,C^) is determined from the ambient space and the defining 
polynomial, po, via the long exact sequence in cohomology associated with (I4.23p . By the topology choice 
that /i(£) < somewhere in the Kahler cone, it follows [55] that H'^{X,£'^) = for all regions of complex 
structure moduli space. In addition, for any line bundle £^, by the Bott-Borel-Weil formula there is at 
most one non- vanishing cohomology on A. In order to have a jumping cohomology we need this one non- 
vanishing cohomology to be the second one for both Af^ (E) C\ and C\. Hence, the long exact sequence 
associated to (|4.23p takes the form 

^ H^{X,C^) -^ H^{A,Af'^ (g) £5i) ^ H'^{A,Ca) "> H^{X,C^) -^ . (4.24) 

From (|4.8p . recall that the coefficients of the defining polynomial po are a redundant basis for complex 
structure moduli space. As these coefficients are varied so that p -^ po + 5p, the dimensions of Ker(p) — 
h^{X,£'^) and Coker(p) = h'^{X,C^) can change together, or "jump", in such a way that the index, 
lnd{C^) = -h\X,C^) + h^{X,C^), is preserved. 

Let us consider the specific case at hand of the extension class in H^{X,C^) defining the SU{2) 
bundle in ()4.ip . If H^{X, C^) = for generic values of the complex structure, how do we decide where in 
complex structure moduli space it is non- vanishing? To do this we have a simple fluctuation analysis to 
perform. Begin the analysis at a point po for which Ker(po) = H^{X, £^) ^ 0. We can now ask locally, 
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which fluctuations p = po + 6p satisfy Ker(p) 7^ 0? From (|4.24p it is clear that we want to consider the 
fluctuation equation 

{po + 5p){ko + 5k) ^ , (4.25) 

where fco € Ker(po) and 6k e H'^{A,N^ (E) Ca)- This is the condition that Ker(p) j^ for some elements 
k = (fco + <5fc) e H^iA,^"' (g) Ca). 

In general, this "jumping" calculation for line bundle cohomology is considerably simpler than the 
Atiyah computation described in the previous section. Most notably, we have only to choose the starting 
point {ko,po), rather than inducing the highly non-linear Atiyah map in p.Sp and (|4.18p . Using tools in 
computation algebraic geometry [75], the set of 6p solving (j4.25p for some 5k can be readily determined. 
In forthcoming work [55], we present a detailed mathematical and computational toolkit for analyzing 
such fluctuations. 

4.3 Effective Field Theory 

As discussed in Section r2.2[ in general the stabilization of moduli induced by bundle holomorphy occurs at 
the compactification scale and it is not always possible to describe this behavior in terms of supersymmetry 
breaking in the M effective theory. For the class of bundles in (|4.ip . there is a clear criteria for when such 
an effective field theory description exists. 

For a non-vanishing extension class far from zero, there is generally no F-term description of the 
moduli stabilization associated with the Atiyah sequence (although it should be noted that none-the-less 
these degrees of freedom are completely removed from the four-dimensional theory and their stabilized 
values are fully computable). In order to discuss the F-term structure we must consider bundles near 
e Ext (£*,£). Here, the bundle splits as V ^- C (B C^ and its structure group changes from SU{2) to 
S[U{1) X [/(!)] ~ C/(l). This U{1) symmetry is self commuting within £'§ and, as shown in [47l l48] l49] . 
the low-energy gauge group is enhanced by an anomalous f/(l) factor to Ej x U{1). At the hyperplane 
in Kahler moduli space where this split bundle is polystable (supersymmetric) , the bundle moduli are 
counted by h^{X,£'^) + h^{X,C^ ) and become charged under the enhanced t/(l) symmetry. We will 
denote these massless fields by C]_ and Ci respectively, with the subscript ± indicating the U{1) charge. 
The £'7-charged fields also carry U{1) charge, but in the following analysis we will set all such fields to 
zero in the vacuum and they will not play a role in the subsequent discussion. 

Associated with the anomalous U{1) symmetry is a Kahler moduli dependent D-term, whose form is 
well-known [47j-|49j. This four-dimensional D-term is the low energy manifestation of the requirement 
that the vector bundle be poly-stable with zero slope. Here, we simply present the D-term, using the 
notation of [351112]. It is 

i?^(^)=/-Eg^GiMC^C^^ (4.26) 

LM 

where C^ are the zero- mode fields with charge Q^ under the U{1) symmetry, Glm is a Kahler metric 
with positive-definite eigenvalues and 

16 k| V 
is a Kahler moduh dependent Fayet-Iliopoulos (FI) term [75] gTJ iU [H [TS] US] HH] . The quantities 

1 . .i.o.fc 



/x(£) = d,jkc\{C)tH\ V = -d,,ktHH'' (4.28) 
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are the slope of the associated hne bundle £ and the Calabi-Yau volume respectively. Here <* are the 
Kahler moduli, relative to a basis of harmonic (1,1) forms Ui, with the associated Kahler form given by 
uj = t^LOi. The quantities dijk — J-^uji A ujj A ujk are the triple intersection numbers of the three- fold. The 
parameters es and eji are given by 

_ /Kll\2/3 27r/9 _ ^1/6 

\ An J ti2/3 ' ' np 

Here v is the coordinate volume of the Calabi-Yau three-fold, p is the coordinate length of the M-theory 
orbifold and nn is the eleven-dimensional gravitational constant. The four-dimensional gravitational 
constant K4 can be expressed of these 11-dimensional quantities as K4 = K\i/{2i:pv). In the subsequent 
discussion we will set kh = 1 and further, in order to simplify the FI term (I4.27|) . choose the coordinate 
parameters p and v such that 

1 . (4.30) 



3 esel _ 37re|e| 
16 K^ 16k? 



With the D-term and C/(l) charges in hand, it remains only to consider the superpotential. To lowest 
order, the four-dimensional superpotential is 

W = K,{i)C\Cl. (4.31) 

The dimension one coefficients \ij{])) are functions of the complex structure moduli 3". We note that 
the coefficient A is a function of the complex structure moduli since in fact any contribution to the 
superpotential behaves linearly under rescalings, A, 0/ the homogeneous coordinates of complex structure 
space. One way to see this is by an examination of the Kahler potential and the scalar potential of the 
four-dimensional theory. The exponential of the standard form of the Kahler potential [1081 11071 1106] 
scales as |Ap. For the scalar potential to be invariant under rescalings the superpotential must then scale 
linearly, as statedO We discuss the scaling of complex structure moduli in detail in Appendix [Cl 
The associated F-terms are 



Fc^ = \j Cl +Kc^W , Fp^ = \j C\ + K^,_ W, (4.32) 

F.. = ^C\C' +K,aW , F. = ^C^C + K,. W 

ill Q^a + - 3|| ' h^ g^a + - 3^ 

where we have distinguished between derivatives within the sub- locus where H^{X, £^) ^ (specified by 
the coordinates jj? ) and those leaving this sub- locus (specified by coordinates j'^). Since the fields C\_ and 
C^ are zero-modes, for jg on the sub-locus, it follows that 

A.(3o) = ^ ^^ = 0. (4.33) 

For the vacuum configuration associated with the SU{2) bundle in (|4.ip . we will see how the 3^- 
dependence in the superpotential can stabilize the complex structure moduli to the sub-locus where 
holomorphic, indecomposable SU{2) bundles exist. In performing this analysis we will look for supersym- 
metric Minkowski vacua for which W, as well as the F-terms (|4.32p . vanishes. Given this we will not need 
to know the exact form of the Kahler potential in (|4.32l) . 



^Note that both superpotential and Kahler potential can be written in terms of the redundant, homogeneous coordinates, 
instead of the more standard affine coordinates on complex structure space. When one does this it is found that the overall 
scaling parameter drops out of the Lagrangian. 
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First, we choose the complex structure moduh jg to be in the sub- locus for which the cohomologies 
H^{X,£^) and H^{X,C^ ) are non- vanishing. This is the locus for which (|4.33p holds. Note that, in 
this case, the supcrpotential (|4.3ip and the first three F-terms in (I4.32p always vanish. Now consider a 
bundle V as in (|4.fp . This is defined by a non-vanishing class in Ext^(£^, C) and, hence, corresponds to a 
vacuum with (C+*) 7^ 0. We choose {C^) so as to make the D-term vanish in the region of moduli space 
for which /Lt(£) and, hence, the FI term in (14.26^ are negative. This one D-term constraint fixes one linear 
combination of the C!^ fields which, without loss of generality, can be chosen to be (C^). We will make 
this choice below when it is convenient to do so. 

Returning to the F-terms, this vev choice implies that the fourth F-term, Fj^ , in (|4.32p gives rise to 
the potential 

V^\F,.^\'^f-^^{C\)\^\Cl? + ... , (4.34) 

where we suppress the multiplicative factor of e^C^"^ for simplicity. In contrast to Eq. (|4.33l) . — ^ a° 
does not necessarily vanish. Since the function A(3) is non-trivial and A(3o) = while A(3o + ^3_l) 7^ 0, it 
is clear that fg'a d" will be non-trivial for some k. If the first derivative in (|4.34p is non- vanishing, one 
immediate implication is that 

(%) = ^^^(C;)(Ci)-0 => <CI>=0. (4.35) 

Here we have assumed that all of the C_ fields obtain a mass term in this manner for simplicity. More 
generally, the background we are interested in is the one where the extension class corresponding to the 
C- fields is not turned on - and thus we should take < C'L >= anyway. More interestingly, now consider 
the potential energy obtained from all four F-tcrms in (|4.32p evaluated at a generic point Jq + 5^^^ not on 
the sub- locus where non-decomposable bundles V exist. Then, to quadratic order in the field fluctuations 
we find, in addition to the Ci term in ()4.34p . that 

V=\^^^{C^^)\'\6il\' + ... . (4.36) 

where a sum over index j is implied. This arises from the F-term, F^j , in (I4.32p . It follows from (j4.36p 
that any of the fluctuations in the complex structure away from the special sub-locus has a positive mass 
and, hence, 

(SA) - . (4.37) 

That is, the complex structure moduli are flxed to be on the sub-locus where an indecomposable bundle 
V can be holomorphic. As a final comment, we note that it may be the case that — g J" vanishes, 
but instead, for example, — „a a^° 7^ 0. In this case, the stabilization would still go through exactly as 
before, but the C_ fields would be massless to leading order and the stabilization in ()4.36p would occur 
at higher-order. 

Once again, it should be noted that the above example is somewhat special in that it is possible to give 
a four-dimensional description of the stabilization of the complex structure. In general, for the mechanism 
presented here, this stabilization will take place at high scale [31]. Hence, the fixed complex structure 
should never have been included as fields in the four-dimensional theory in the first place. In such cases, 
one should simply write down the low-energy A^ = 1 theory without these fields present 



''Indeed, this will even be the case in the above example if the mass term in equation (|4.36p is of the order of the compacti- 
fication scale. 
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5 Equivalence of the Approaches 

In this section, we demonstrate that the three seemingly different approaches presented in Section 21 
namely 

1. the Atiyah computation 

2. the Jumping Extension {H^{X,C'^)) computation 

3. the four-dimensional Effective Field Theory 

are, in fact, equivalent. The correspondence between the first two approaches is highly non-trivial and 
requires a detailed understanding of the complex structure dependence of the holomorphic bundle V in 
(|4.1I) . Of the three possible approaches, we present the second analysis in the list as the most efficient for 
understanding the complex structure stabilization for this class of geometries. 

5.1 "Jumping" Ext and Atiyah Equivalence 

At first inspection, the calculations in Sections 14.11 and 14.21 appear very different in structure. In the 
Atiyah computation, as we saw in (j4.22p . one must compute 

a:H\X,TX)^H'^{X,V^V'') where a e H\X,V (^V"" (^TX"") . (5.1) 

For the class of bundles in (14. ip . we demonstrated that this simplifies to 

a:H\X,TX)^H^{X,C^) where a e H\X, C^ ^TX"") . (5.2) 

On the other hand, we can consider the jumping of cohomology containing the extension class, 
Ext^{L'^ ,L) = H^{X,C'^) associated with the bundle V in (|il^ . For the Calabi-Yau threefolds con- 
sidered in this paper, this cohomology is defined by the Koszul sequence 

-> H\X, £2) ^ H^{A,Af'' ® £2) E^ h\A,C^) -^ H^iX, C^) ^ . (5.3) 

From this, the "jumping" cohomology calculation in (j4.24p arises from the structure of the map 

Pa:H^{A,JV''<S)L^)^H^{A,C^) where po e H°{A,J\f) . (5.4) 

To analyze where the cohomology is non- vanishing, one must solve the fiuctuation equation in (j4.25p . 

[po + 6p){ko + 6k) ^ (5.5) 

where kopo = 0, Sk <E H^{A,M'^ ® C^) and 6p e H"{A,Af). The allowed complex structure moduli that 
keep H^{X,£^) ^ consist of the set of (5p's which solve (|5.5p for some Sk. While it is intuitively clear 
that the jumping cohomology calculation should give a lower bound on the Atiyah image, from the above 
structure, it is not obvious that these calculations are equivalent. Below, we show that this is, in fact, the 
case. 

To begin, consider the jumping Ext calculation. In Section [4. 2[ we showed that the Koszul sequence 
gives rise to jumping structure as the Calabi-Yau threefold, defined as the pq = polynomial hypersurface, 
was varied. However, it is well known that not all choices of coefficients in pq give rise to different complex 
structures on X. In (14.81) . it was demonstrated that for the class of CY threefolds considered here 
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The quotienting removes the degrees of freedom corresponding to redefinitions of the coordinates of A. 
This consists of the freedom of GL{n,C) coordinate transformations. 

Since these coordinate redefinitions are not part of the complex structure moduh space, it is clear 
that they cannot effect the line bundle cohomology H^{X, C?) on X. Any such degrees of freedom must 
trivially drop out of the jumping calculation in (|5.5I) (that is, no unphysical degrees of freedom (5p can 
be fixed by the constraint given in (|5.5p ). As a result, we can consider the relevant ^p in (|5.5p to be 
(5p e H^{X,TX), the actual complex structure deformations around the Calabi-Yau threefold defined by 
Po — 0. With this in mind, let us examine (|5.5p once again. 

Re-writing (|5.5p as 

koSp = -paSk , (5.7) 

consider the right-hand side of this expression. By definition, pof^fc is in the image of po ■ H'^ {A, Af^ (E)C^) — > 
H^{A,C^) in (|5.4p . Hence, this image forms the zero element of the space 

H^{X,C^) ^Cokeripa) (5.8) 

from (|5.4p . With this result, and the observation about 6p G H^{X,TX) above, (|5.5p and (|5.7p may be 
interpreted as conditions over X itself, instead of over the ambient space A. From this point of view, 
solving the equation in (|5.5p is equivalent to solving for the complex structure fluctuations, dp, as elements 
of a kernel 

Sp e Ker(fco) (5.9) 

where now 

ko: H^{X,TX)^ H^{X,C^) . (5.10) 

This now looks more familiar. By inspection, the source and target of this re-writing of the fluctuation 
equation in (15.51) are now exactly the source and target of the Atiyah map! What about the "map" 
fco in (|5.10p ? By naive inspection of (15. 5p . we learn only that fep G H'^{A,N^ (E) C^) is an element of 
Ker(po) = H^{X,C^) since, by construction, we demand that po^o = 0. However, it is clear that when 
viewed as a condition over X as in (J5.10I) . this is not the right way to interpret the map. Among other 
things, the index structure of fco G H^{X,C^) is incorrect as a map from H^{X,TX) to H^{X,C^) over 
X. 

For this last piece to the puzzle, one must consider the definition of a in (|5.2p . recalling that a € 
H^{X,£^ (g) TX^). In (|4.5p . the holomorphic tangent bundle TX was defined for the class of examples 
considered here. Dualizing these sequences we find, 

^ TA\^x ^ Ox(-A)®'"'+'^ ^ Of' -^ (5.11) 

i 

^ Af" ^ TA\)i % TX"" ^ (5.12) 

with I10I2 = Po- From this, and and the form of the line bundle C in (14.11) . it follows that the cohomology 
of interest to us is 

H\X,C^®TX'')=KeT{l^) (5.13) 

l^ ; H^{X,JV'^ (g) C^) -^ H^iX^TA" ® C^) (5.14) 

By definition Ker(Zj) C H'^{X,JV'^ (E) C^). However, fortuitously, by the Koszul sequence, 

H^{X,U^ ®C'')(ZH''{AU^ 'EC) , (5.15) 
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which is the same as the space containing fco in (I5.3p . Now consider an element, x G H'^{A,Af'^ ® C"^). If 
X is an element of Ker(Z|'), then 

/^(x)=0. (5.16) 

However, since po — if o l^, for any such a;, it follows that 

p^{x) = Ifllix) = ll{ll{x)) = . (5.17) 

Hence, a; G Ker(po)- We conclude that any map a E H^{X, C? ® TX'^) will play the role of fco in (|5.10p . 
Phrased more precisely, for this class of examples we have a fibration 

j:H\X,C^)^H\X,C^®TX'') (5.18) 

of the space H^{X,C^ (g) TX"^) containing a by the space Ext^ = H^{X,£^) encoding any "jumping". 
From the arguments above, h^{X, C^) > h^{X, C'^^TX'^). Furthermore, by the definition of the extension 
class in the transition functions of (|4.18p and the Atiyah class, it is clear that this fibration has a zero- 
dimensional fiber over the origin. That is, when we are at the zero element of H^{X,C^ (g) TX^) the 
extension class is zero. As a result, the non-linear mapping] given by the fibration 7 is surjective. Hence, 
if we perform the fiuctuation calculation for generic values of ko £ H^{X,C'^), this corresponds to an 
Atiyah calculation with a generic value of a £ H^{X, C? ® TX'^). 

As a result, we have shown that for a generic starting value fco of the extension class, i/^(Ar, £^), 
the fluctuation analysis in 115. 5\) is explicitly the same calculation that would be undertaken by the Atiyah 
mapping in 115.1]) . For a given example, this correspondence is even more striking when explicit polynomial 
descriptions of the relevant cohomology groups are used. In this paper, we have employed the Bott-Borel- 
Weil formalism to explicitly represent the cohomology groups as polynomial spaces (see [70) for a review). 
In this form, it is clear in any given example that the polynomial multiplication calculations - that is, the 
Groebner basis calculations [75| - that must be done in (|5.1|) and (|5.5p are literally the same. 

5.2 Adding in the Field Theory 

In Section |4] we outlined three ways of looking at the complex structure stabilization induced by a holo- 
morphic vector bundle. In the proceeding paragraphs, we have seen that for the class of extension bundles 
defined by (|4.ip the first two of these approaches are equivalent. It is natural to ask whether anything 
further can be said about the effective field theory? To this end, we point out here several correspondences 
between the effective field theory description and the methods described above. 

Recall that the F-terms corresponding to Fat in the effective field theory are governed by the super- 
potential given to lowest order in (|4.31l) by 

W^ = A,j(3o)C;Ci , (5.19) 

where the singlet fields are defined by 

CleH\X,C^) , CieH\X,C''^) (5.20) 



It is clear that 7 in (I5.18P is non-linear since H {X, TX^) — and, hence, there can be no linear maps from H {X, £ ) to 
i/^(X, £^(g)TX^). This corresponds with the non-linear definition of the Q = [F^'^\ e H^(X,C^ ®TX'^) in terms of transition 
functions (built from the extension class in H^{X,C^)) in (|4.2|) and (|4.18p . 
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and H^{X, C^ ) ~ H^{X,£^) by Serre Duality [55]. The F-term that can potentially break supersymme- 
try is given by 

-_ = Ay(3)(Ci). (5.21) 

It is only when the complex structure moduli are constrained to the locus for which Xijdo) = that this 
F-term can vanish and we have a vacuum. 

To solve the effective field theory of Section l4?3l directly, it is essential to determine the function Xij{i) 
in (|5.19l) and for which values 30 it vanishes. By definition, on this locus the C-fields in (|5.20p are massless 
modes of the four-dimensional theory. When Xij{i) vanishes, the fields in (j5.20p correspond to harmonic 
elements of the given non-trivial cohomology groups. However, by definition, finding the locus 30 for which 
the C-fields correspond to elements of their respective non-trivial cohomologies is precisely the content 
of the first-order fiuctuation analysis given in ()5.5p above. That is, by definition, where the cohomology 
exists the C+._ are massless fields and where it does not, they are massive. As we have seen, this is 
equivalent to the Atiyah computation. We conclude from the results of this section that the effective field 
theory analysis is identical to Atiyah and "jumping" formalisms. 

There is further structure that can be observed from the F-term in (|5.2ip . Note that the number of 
constraints on the complex structure moduli arising from the vanishing of Fc_ in ()5.21|) can be at most 
h^{X,C'^ ), the number of C- fieldcl. However, by inspection, this space is Serre dual to H^{X, £^), the 
image of the Atiyah map in (|5.ip . Since dim(Im(a)) < h^{X,£'^), it is clear that the field theory and the 
Atiyah computation give us the same upper bound on the number of moduli stabilized for a given bundle 
V in (14. ip . In addition, the form of the superpotential in (I5.19P makes it clear that the mass term can 
only remove even numbers of C+ and C_ fields, in agreement with the jumping calculation of (j5.3p and 
(J5.5I) which tells us that the cohomology of C^ can only jump in a way that preserves the index, Ind(£^). 

Importantly, although all three approaches carry the same content, they are not all equally difficult to 
analyze. Without a knowledge of the "jumping locus" , it would be hard to directly calculate the coefficient 
A (30) in (|5.19p via any standard tools in the effective field theory. And while the Atiyah computation 
can be shown to carry the same content as the jumping locus, it too is seemly much more complicated at 
first glance. In particular, determining which class a £ H^{X, £^ (g) F (g) V^) corresponds to the physical 
field strength, F^^^ (and, hence, the initial vacuum) is a notoriously difficult problem. Thus, we present 
the results of this section as an important example of ways in which the "bottom up" analysis of bundle 
holomorphy can provide an efficient method to study complex structure stabilization. 



6 An Explicit SU{2) Example 



In this section, we give an explicit example of the techniques developed in this paper by presenting a 
holomorphic bundle which stabilizes most of the complex structure moduli of its base. Specifically, in this 
example, the constraints arising from bundle holomorphy stabilize all but two of the complex structure 
moduli - fixing 80 out of 82 degrees of freedom. In addition, since one must include Wilson lines in realistic 
heterotic compactifications, we also consider the same calculation combined with a freely acting discrete 
automorphism, F. In this case, the quotient bundle on X/T stabilizes 10 out of 11 complex structure 
moduli (the technical details of this last calculation can be found in Appendix IDJ). 



Note that the number of moduli stabilized need not exactly be the number of C_ fields, since even if a in 1)5. l|l is non-trivial, 
it need not be surjective. 
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As discussed previously, there are three equivalent ways of determining the number of complex struc- 
ture moduli stabilized by a holomorphic vector bundle satisfying the Hermitian- Yang-Mills equations; 1) 
by computing the image of the Atiyah class as in p.2p . 2) by using something inherently complex structure 
dependent in a given type of bundle construction to compute where in moduli space such a bundle can be 
holomorphic (a "jumping" calculation) and 3) by solving F-terms in the four-dimensional effective field 
theory. In this section, we investigate an explicit geometry following the first approach. We will directly 
infer for which values of the complex structure the bundle can be kept holomorphic by constructing a 
vector bundle which manifestly depends on the complex structure of its base. 

To begin, consider the complete intersection Calabi-Yau threefold defined by 



X 



(6.1) 



with ft,^'^ = 82 complex structure moduli. For this manifold, the number of Kahler moduli is given by 
ft,^'^ — 2. If we expand the Kahler form w in a basis of harmonic {1, l}-forms as lu ~ fuJr with r — 1,2, 
the Kahler moduli i*" take values such that f > V r. The tangent bundle for this space is defined by 
the pair of sequences 

^ Ox®^ -^ 0(1, 0)®3 ® 0(0, 1)®3 ^TA^O , (6.2) 

O^TX ^TA^O{3,S)^0 (6.3) 

where both sequences are restricted to X and TA is the tangent bundle to the ambient space P^ x P^. 
Using (j6.2p , it is straightforward to show that the complex structure moduli of X are given by 

H^'^iX) = H\X,TX) = H"{X,0{3,3))/H"{X,TA\x) , (6.4) 

where 

H°{X, TA\x) = {H\X, 0(1, 0)®3 ® 0(0, lf^))/H°{X, Ox®^) ■ (6.5) 

Stated simply, the complex structure moduli of X are given by the number of degree {3, 3} polynomials 
that define the hypersurface in (|6.ip . modulo a series of GL{3,C) transformations (corresponding to 
coordinate redefinitions in the projective spaces, P^ and P'^, in (|6.1I) '). As a result, in the following, we 
will frequently make a choice of complex structure moduli by specifying po, a defining bi-degree {3,3} 
polynomial in P^ x P^ (where the appropriate GL(3,C) redundancies have been taken into account). 
Over this manifold, we define the following indecomposable SU{2) bundle by extension, 

0-^O(-3,3)^F^O(3,-3)-^0 . (6.6) 

This bundle satisfies the anomaly cancellation condition (|2.ip . Further, we choose (and hold constant 
throughout this section) a point in Kahler moduli space for which the indecomposable SU{2) bundle 
is slope stable. For the Kahler moduli f" defined above, this is the subspace of the positive quadrant 
such that ^(0(— 3,3)) = ci{0{—3,3)ydrstt^t^ < 0. Here, the triple intersection numbers are given by 
dii2 = di22 = 3. Note that for this choice of the Kahler moduli, the only super symmetric configuration for 
the bundle defined by (j6.6|) is as an indecomposable rank 2 bundle. The split extension £©£^ is not poly- 
stable in this region of Kahler modulo space since /i(£) ^ m('^^) sjid, hence, its connection does not solve 



^Note that, by definition, a poly-stable bundle is a direct sum of properly stable bundles, V — ©j- Vi, all with the same slope 
,i(y) = ti(Vi) Vi [65]. 
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g'^^F^l = 0. Moreover, deep within the stable chamber of the Kahler cone, the supersymmetric connection 
on the indecomposable SU{2) bundle (|6.6p is not infinitesimally close to the split S[U{1) x C/(l)] valued 
connection of £ ® C^ . Rather, it's "off diagonal" 5J7(2)-valued components are finitely large and cannot 
be set to zero by a small change, 5 A. 

The extension class of V is an element of Ext^{C^ ^C) — H^{X,C^). However, direct computation 
yields 

H\X,C^) = H^{X,0{-6,6)) = for generic po • (6.7) 

Since the space of extensions is generically trivial, it is clear that the indecomposable SU{2) bundle V 
in (j6.6p cannot be defined for generic values of the complex structure moduli. However, as we saw in 
previous sections, cohomology can "jump" over certain higher-codimensional loci in complex structure 
moduli space. Just such a jumping is possible here and we will be interested in determining that locus. 

As discussed in Subsection 14.21 the cohomology of a line bundle, C^, on the threefold in (|6.ip is 
determined in terms of line bundles on the ambient multi-pro jective space yl = P^ x F^ via the Koszul 
complex [5 2) 

^ A(X «) >C3i 4 £3i ^ £2 ^ , (6.8) 

where AOt — 0(3, 3) defines the normal bundle to X. To determine the cohomology H* {X, £^), we take the 
long exact sequence in cohomology associated with (|6.8p . We find that the cohomology H^{X, 0{—6, 6)) 
in (j6.7p is defined in terms of the cohomology of line bundles over the ambient space A via the short exact 
sequence 

^ H^(X,0{~Q,6)) -> H^iA,0{~9,9)) ^ H^{A,0{-6,6)) -^ H'^{X,0{-6,6)) -> . (6.9) 

As a result, for special values of the map po in the short exact sequence above, 

Ker(po) = H\X, 0{-6, 6)) ^ . (6.10) 

Using the Bott-Borel-Weil polynomial representations for the ambient space cohomology groups [TDj (see 
Appendix IDJ) . it is possible to explicitly formulate and solve the equation for Ker(po) in terms of the 
defining {3, 3} polynomials. Direct computation [88l[75] demonstrates that on a two-dimensional locus in 
complex structure moduh space, the space of extensions "jumps" to Ext^{C^) = i/^(X, 0(— 6, 6)) = 180. 
Now choose a background somewhere in this two-dimensional sub-locus of complex structure moduli 
space for which the non-trivial extension, (|6.6p . can be defined. Given a well-defined starting point 
satisfying the Hermitian Yang-Mills equations, one can now ask; what happens as we vary the complex 
structure moduli away from our starting point within the two-dimensional locus? As we vary the complex 
structure so that Ker(po) -^ 0, the defining cohomology class goes to zero. More explicitly, as described 
in Section IT^ wc find that the form describing the extension class /? G H^{X, ©(— 6, 6)) defining V does 
not vanish as we leave the two-dimensional locus. Instead, under a change of complex structure it is no 
longer a harmonic (0, l)-form (that is, an element of H^{X, V (E) V^)) with respect to the new definition 
of the holomorphic coordinates! In other words, V is no longer a holomorphic bundle. As a result, by 
determining the locus in complex structure moduli space where the cohomology defining the extension 
class is trivial/non-trivial, we are actually determining for which values of the complex structure moduli 
it is possible to satisfy Fab — 0. We can perform the fiuctuation analysis described in Section 221 Eq. 
(|4.25p to decide for which values Sp can Ker(po + Sp) ^ 0. That is, we solve 

(po + M(fco + ^fc) = (6.11) 
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for any Sk, 6p. By direct calculation, we find that the bundle V in (|6.6p stabilizes 80 out of the 82 complex 
structure moduli on X. 

As was demonstrated in Section [SJ for this simple class of bundles the calculation above is literally 
the same polynomial multiplication problem (although in different form) that one must solve to do the 
computation from the point of view of the Atiyah sequence. However, as a non-trivial consistency check 
of the results of (|6.1ip , it is worth recalling that from the Atiyah sequence 

...^H\X,Q)^H\X,TX)^H^{X,V(g}V'')^ ... , (6.12) 

the number of stabilized complex structure moduli is given by the dimension of Im(a) . In this example, 
at the holomorphic starting point (where Ker(po) 7^ 0), 

h^{X, V®V"') = h\X, V®V"') = h\X, 0{-6, 6)) + h\X, 0(6, -6)) - 1 == 359, (6.13) 

using Serre duality. Thus, it is clear that stabilizing 80 of the complex structure moduli is consistent with 
the existence of an appropriate image Im(a) C H^{X, V (X) F^) for the Atiyah map, as expected. 

6.1 Equivariant Structures and X/^Z^ x Z3) 

In this subsection, we point out that there is one more tool at our disposal. For realistic phenomenology, 
one wants to include Wilson lines and, hence, we need a manifold with tti{X) 7^ 0. As a result, one 
could perform the complete analysis of the previous subsection "downstairs" on the quotient manifold, 
X/T, where F is a freely acting discrete automorphism oi X. In general, such quotient manifolds have 
fewer complex structure moduli than the "upstairs" covering spaces X and, as a result, we would hope 
to stabilize even more moduli. 

The Calabi-Yau threefold in (|6.ip admits a freely acting Z3 x Z3 symmetry. If we denote the coordinates 
on P^ X P^ by {xi, yi}, where i = 0, 1, 2, then a freely acting Z3 x Z3 symmetry is generated by [90] 

^3^^^ : Xk^Xk+i, Vk^Vk+i .„_,.. 

^ (2) k -fc ('^•^4) 

A3^ ' : Xk^ a^Xk, Vk^ a "yk 

with a = exp(27ri/3). As shown in Ref. |90) . the most general bi-degree (3, 3) polynomial invariant under 
the above symmetry is given by 

P(3,3) = ^1'^ XI ^']x]±iy]+ky3+k±i + ^2 XI ^M+k + ^3a;ia;2X3 ^ V^j 
3 3 3 

+^42/12/22/3 X ^? + A5XiX2X3yiy2y3 , (6.15) 

3 

where j, fc = 0, 1, 2 and there are a total of 12 free coefficients, denoted by A with various indices. One 
combination of coefficients drops out due to the freedom of an overall scaling, leaving /i^'^(X/(Z3 x Z3)) = 
11. 

Vector bundles on X descend to vector bundles on A"/F if and only if they admit an equivariant 
structure |93l I69| . An equivariant structure is a consistent lifting of the isometry F to the bundle which 
commutes with the projection tt : V —?' X. For the geometry at hand, the line bundles 0{—3.3) are 
equivariant with respect to the Z3 x Z3 action. By construction, the SU{2) bundle V in (|6.6p has an 
induced equivariant structure [15] from 0{—3, 3) and its dual, and descends to a rank two bundle, V, on 
the quotient space. The cohomology of V on X/T is simply the subset of H* {X, V) which is invariant 
under the group action. 
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Repeating the fluctuation analysis of (I6.f 1|) "downstairs" in invariant cohomology, leads to one less 
free modulus. That is, the quotient bundle V on X/CZ^ x Z3) stabilizes 10 out of the 11 degrees of freedom 
remaining in (J6.15I) (see Appendix iDj) . Thus, there is only one complex structure modulus remaining in 
the presence of the holomorphic bundle V. A direct computation [SB] shows that the Calabi-Yau threefold 
defined at this one-dimensional locus in complex structure moduli space remains smooth. 

6.2 4D Field Theory for the Exphcit Example 

Finally, looking briefly at the third approach, one can gain some physical intuition for the chosen geometry. 
The effective field theory is the one presented in Section H751 For the bundle V in (|6.6p . the superpotential 
of the £'7 GUT theory is given to lowest order by 

W^~A(3),,C;Ci + ... (6.16) 

where C]_, Ci_ are the four-dimensional £^7-singlet fields associated with H^{X,0{—6, 6)) andi?^(X, 0(6,-6)) 
respectively. As discussed in Section l473l the quadratic mass term in the potential must vanish on the 
locus in complex structure moduli space where the space of extensions iJ^(X, ©(— 6, 6)) is non-trivial 
(that is, V^ is a holomorphic vector bundle), since here H^{V ® V^) ^ parametrizes the massless states 
of the effective theory. That is, for 30 in the two-dimensional locus 

A(3o) = . (6.17) 

Further, as shown in Section l473l since V in ()6.6p is defined by a non-trivial vev C+ G H^{X,0{— 6,6)), 
the condition that Fab — corresponds to the vanishing of the F-term, 

dW 

-_ = A,i(3)(Ci). (6.18) 

Note that the number of constraints arising from (|6.18p is counted by the number of C_-fields. As 
demonstrated in (|4.20p and (|4.2ip . for the bundles V in this section the image of the Atiyah map is 
tP'{X,L^) which, by Serre duality, is again the space of C_-fields! Thus, the field theory and the 
geometry encode the same information - as we expect. 

Finally, note that for the bundle V in (|6.6p the C_ fields are massless in the holomorphic vacuum. 



Hence, it is clear that, when we consider the F-term associated with 4^^, this geometry is an example of 
the higher-order lifting described at the end of Section 



7 Other Examples 

In this section, we briefly explore other examples of holomorphic vector bundles which can stabilize the 
complex structure. Specifically, we illustrate how it is possible that something more complex than a single 
line bundle cohomology can control the holomorphy of a vector bundle. 

Having shown in Section [S] that the field theory, "jumping Ext" and the Atiyah approaches are equiv- 
alent for the class of examples given in (|4.ip , we henceforth use the formalism that is most convenient for 
analyzing the complex structure of a given vacuum. One of the goals of this section is to demonstrate that 
examples of complex structure stabilizing vector bundles are readily available and that their dependence 
on complex structure is easily analyzed. 
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7.1 "Jumping" Tri-linear Couplings 

Here, we consider another example of a heterotic compactification in which the vanishing of F-terms 
associated to Fab leads to the stabilization of the complex structure. This example will illustrate that the 
key geometric ingredient needed to define a holomorphic bundle can be more complicated than the simple 
line bundle cohomology (14.21) controlling the holomorphy of the bundle in (j4.1[) . 
Consider the SU{3) bundle V defined by the two extension sequences 

(7.1) 



0^ Li^U - 


> ^3 ^ , 


0-^U^V- 


-> L2 ^ . 



This bundle is slope-stable as long as the Kahler moduli and the line bundles, Li, L2 and L3, are chosen 
so that /i(Li),/i(i2) < 0. In addition, the second Chern classes of the bundle must be such that anomaly 
cancellation, Eq. (|2.1|) . is satisfied (see Section |9] for further discussion). 

Of the three approaches to complex structure stabilization illustrated in Section |4l here we use the 
effective field theory (SOI EI] and geometric methods associated with the bundle (|7.ip . As in Section H31 
we analyze the effective field theory near the region in Kahler/bundle moduli space for which the bundle 
decomposes as F ^- Li ^2 © ^3- At this locus in moduli space, the structure group of V changes from 
SU{3) to S[U{1) X C/(l) X C/(l)] ~ f/(l) X U{1). These anomalous C/(l) symmetries are self-commuting 
within Es and give rise to a visible Eq x C/(1) x U{1) gauge symmetry in the four-dimensional theory. 
The fields charged under Eq will all be set to zero in the vacuum and, as in previous sections, only the 
singlet fields will be of interest to us. As before, the Eq singlets arising from H^{X, V (E) V"^) acquire U{1) 
charges under these enhanced symmetries. 

We assume for this discussion that the following charged bundle moduli are present 

iiA3 = Ci'e^'(^,i2®i/) , 

liA-3 = C2"ei/i(X,Li®L3^), (7.2) 

The two anomalous U{1) symmetries give rise to two D-terms [50] of the same form as (|4.26p . 

j^unu ^ MM _ Q^^.cM - Q\lC2''Cl ~ Q\-,C,'^CI , (7.3) 

M (-^2 

V 

where Q^'^ denote the U{1) charges of the fields with respect to each of the enhanced C/(l)-symmetries. 
These are given in the subscripts on the left-side of equations (|7.2|) . We will set these D-terms to zero in 
the vacuum by giving non- vanishing vevs to one each of the fields C2 and C3. That is, 

,,c.(ih^MM + |(C3)P-i|(C2)P=0, (7.5) 

Z?^(i)^^^ -1-31(^2)1^=0. (7.6) 

By this vev choice, we define the two non-trivial extensions in ()7.1|) . The fact that the D-terms can be 
satisfied is in agreement with the fact that the S'[/(3) bundle in (|7.ip is slope-stability as long as /^(Li) < 
and /i(i2) < 0. 

To complete the effective theory, one must consider the holomorphic superpotential. This is given, to 
leading order, by 

W ^ X,aM)CiC2"'C^'' . (7.7) 
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D^h ^ MM _ Q^^cM - Q'alC^'-cl - Q\-,CM , (7.4) 



In the vacuum, (C2) ^ 0, (C3) 7^ and, hence, to set the F-terms 

dW dW 

_ = A(3)(C3)Ci , _^A(3)(C2)Ci (7.8) 

to zero, one must choose the remaining vevs (Ci) = 0. As in Section 231 for a suitable basis on field 
space, the potentially non- vanishing F-term of interest takes the form 

^=A.n(3)(C2^)(C3^). (7.9) 

To preserve N = 1 supersymmetry in the vacuum, one must set the F-terms (counted by the h^ {X, L2 <S) 
Li^) Ci fields) to zero, 

A,ii(3)=0. (7.10) 

This constrains us to a sub-locus in complex structure moduli space, as in Section 14.31 As argued in 
Appendix \C\ the homogeneous linear scaling of the superpotential with complex structure guarantees 
that (|7.10p provides a non-trivial constraint on the complex structure. 

From the point of view of the four-dimensional field theory, the complex structure dependence of the 
Yukawa couplings in (|7.7I) gives rise to vacuum stabilization of the complex structure via the F-term in 
(|7.9p . It is of interest to ask next how these constraints can manifest themselves in the geometry associated 
with ([711 ? 

The first extension sequence is governed, once again, by a simple line bundle cohomology, Ext^{L^, Li) = 
H^{X,L3^ (E) Li). This non-trivial extension is the geometric realization of the vev choice (C2) 7^ in 
(|7.6I) . But what governs the splitting of the second sequence? The second sequence in (|7.1I) is controlled 
by Ext^{L2, U) = H^{X,L2^ (8) U) which is, in turn, defined via the exact sequence 

O^Li(^L^ -> [/®L^ -^L3«)L^ ^0 . (7.11) 

The long exact sequence in cohomology associated with this is 

-^ H\X,Li ® L^) -> H\X, U®L^)^ H^{X,L3 (g) L^) (7.12) 

^H^{X,Li(g)L^)~^ ... 

where the co-boundary map, p, is 

peiji(X,Li(g)L3^) . (7.13) 

It is clear from (|7.12l) that one can decompose the space of extensions H^{X, U (g) Lj ) as 

H\X,U(g)L'^) ~ H\X,Li (g) L)i) ® (Ker(p) C H\X,L3 (g) La"")) ■ (7.14) 

For this geometry to match the field theory vacuum presented above, it must be that the non-trivial 
extension arises from the second term in (|7.14p : that is, from 

{C3)eH\X,L3®L2'') . (7.15) 

However, it is clear from (j7.12p that such a choice of non-trivial extension class may not exist. There is 
an important condition that must be satisfied; namely, that Ker(/9) be non-trivial. Let us look at this 
constraint in more detail by considering that, for a fixed p in (17.131) . 

H\X,L3(g>L^) X H\X,Li(8) Ls"") -^ H^{X,Li(g) L^) (7.16) 
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must have a trivial image for some element of H^{X,L-^ ® ^2)- Using Serre duality, one can multiply 
both sides by H^{X, L2 (81 -^1^) to obtain the tri-linear product 

H\X, L3 (g) Ll) X H^{X, Li (g) L^"") X H\X, L2 ® L/) -^ H^{X, Ox) ~ C . (7.17) 

In order for any element of H^{X, L3 (E) L)^) to be in Ker(p), the product in (|7.17p must map to zero. But, 
by inspection, this Yoncda (triple) product as a map into C is simply the coefRcient of 

{Cl){Cl)Cl . (7.18) 

That is, it is exactly the Yukawa coupling, \iii{l), in (|7.10p and (|7.9p ! The geometric statement of (I7.17P 
is that we cannot choose a non-trivial extension (C3) € H^{X, L^®L2^) unless its product with {C\) (the 
extension class of (|7.13p ) and all Ci fields vanishes. However, by inspection this is simply the statement 
that no supersymmetric heterotic vacuum exists unless the F-term in (|7.9p is set to zero - that is, that 
the Yukawa coupling A(3) satisfies (|7.10p . 

From these two separate analyses of the heterotic vacuum defined by the bundle in (|7.1I) , we see that 
the field theory and the geometry encode the same constraints on complex structure. This stabilization 
could be explored further by performing an Atiyah computation as in Section [3] for the bundle in (j7.ip . 
However, even without performing this analysis, it is clear that the presence of such an SU{?i) bundle 
constrains the moduli. By arguments similar to those in Section 14.31 and equation (|4.36p . a vacuum 
fluctuation of (|7.9p demonstrates that 5i acquires a mass for directions i53_l which move off the locus 
defined by A(3) = 0. 

Geometrically, the triple product in (|7.17p depends on complex structure and its image can "jump" 
from zero to non-zero values as we vary the complex structure of the base. This class of bundles provides 
a nice example of "bottom up" support of the bundle which jumps with complex structure. Unlike the 
bundle in Section |31 it is not simply line bundle cohomology which jumps - rather, in this case, it is 
the triple product of such cohomology groups. When the moduli are chosen so that Yoneda product 
vanishes it is possible to define the non-Abelian SU{'i) gauge configuration given in (|7.ip . But from both 
the geometric and field theoretic points of view, when the Yukawa coupling, A(3)jii, given in (|7.10p and 
(|7.17p . is non-zero for all C3 e H^{X,L^ ^ L2), then a holomorphic bundle cannot be defined. 

7.2 Monad Bundles and "Jumping" Horns 

As another example of a "bottom up" approaching to studying bundle holomorphy, one can consider 
different method of constructing holomorphic vector bundles. 

Consider the following three term complex, called a "monad" [SS] 

O^0'^(a'')-^0'^(b'')-^00(c'')^O, (7.19) 

fe i j 

where f o g — 0. The complex (I7.19P defines a holomorphic vector bundle via 

If we label the sums of line bundles as 

A = 0O(a'=), i3 = 0O(b'=), C = 0O(c'=) (7.21) 
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then the maps / and g take the form 

g e H^{X, Hom(yl, B)) , / e H°{X, Hom(B, C)) . (7.22) 

As seen in the previous sections, these cohomologies "jump" with complex structure. When the complex 
structure are varied so that components of either of these spaces of global sections go to zero, it is not 
possible to build the non-Abclian holomorphic vector bundle V in (|7.20p . 

7.2.1 A Monad Example 

We will consider an explicit example of a "jumping" monad bundle. Define an indecomposable SU{2) 
bundle via a monad sequence on the following CY threefold; 



X = 



(7.23) 



The Hodge numbers of this manifold are h^'^ = 2 and h^'^ = 86. 

For the monad bundle, we will choose A in (j7.19p to be zero for simplicity, and consider the two-term 
monad [551 1171 [HI El [H] 

O^V ^ 0(2, 0) © ^(-l, 2)®2 4 0(0, 4) ^ . (7.24) 

This bundle is slope-stable in the region of Kahler moduli space defined by ci{0{3,—4:)Ydrstt^t* < 0. 
The Kahler cone of ()7.23|) is defined by f > Vr, and the non-trivial triple intersection numbers are 
given by di22 — 4,^222 = 2. In addition, V satisfies the anomaly cancellation condition (|2.ip . The 
defining polynomial / in (|7.24p is an element of the space iJ°(X, Hom(i?, C)) and, in particular, its first 
component, mapping 0(2,0) —?' 0(0,4), is an element of 

/iei/°(X,0(-2,4)). (7.25) 

The line bundle 0(— 2, 4) is non-ample and for general values of the complex structure, h'^{X, 0(— 2, 4)) = 
0. However, for special choices of the defining bi-degree {2, 4}-polynomial, the space of global sections in 
(|7.25l) can "jump" so that /i''(X, 0(— 2,4)) = 1. For this locus in complex structure moduli space, the 
indecomposable SU{2) bundle in (|7.24l) can be defined. 

To quickly analyze the possibilities of such a bundle for stabilizing the complex structure moduli, 
we need not undertake the full Atiyah analysis of Section |3l Instead, we can simply analyze where the 
cohomology in (I7.25|) can jump to a non-zero value. The analysis is very similar to that done for a jumping 
extension class in Section H We consider here the Koszul sequence 

^ i7°(X,0(-2,4)) ^ H^{A,0{-A,{))) ^ H\A,0{-2,4)) -^ H^{X,0{-2,4)) -^ . (7.26) 

The fluctuation equation in this case takes the form 

Uo + Sj){Po + Sp) = , (7.27) 

where jo is an initial element of Ker(po) and Sp E H^{A,M) is in the redundant basis for complex 
structure moduli space given in (j4.8|) . The fluctuation analysis in this case tells us that H^{X, 0(— 2, 4)) 
is non-vanishing on a 53-dimensional locus in complex structure moduli space. That is, the holomorphy 
of the SU{2) bundle in (|7.24p stabilizes 33 out of 86 complex structure moduli for the CY threefold 
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in (I7.23p . By direct computation (see [7T]) of the bundle moduli for the monad in (|7.24p we find that 
h^{X, V (E) V^) = h^{X, V (X) F^) = 36 which means that the image of the Atiyah map is bounded from 
above by 36. This is consistent with the result of 33 moduli stabilized indicated by the above Hom(i?, C)- 
fluctuation. 

The result of the fluctuation analysis above is clearly a lower bound on the dimension of Im(a) in 
p. 41) . Since the holomorphic bundle in (|7.24p cannot be defined when the map /i in (j7.25p is not defined, 
it is certain in these cases that a direct Atiyah calculation would reflect the stabilization imposed by 
the jumping of (17.251) . In general however, the type of analysis given above is only a lower bound on 
the number of moduli stabilized. It is possible that the Atiyah computation would reveal more subtle 
constraints on complex structure. As in Section [5l more work would need to be done in this case to 
understand the relationship (and possible equivalence) of the fiuctuation analysis given above and the 
Atiyah computation in Section [31 

We have presented the examples in this section to demonstrate that is possible to easily construct 
vector bundles which are holomorphic only for higher co-dimensional loci in complex structure moduli 
space. As shown in previous sections, it is possible to take several approaches to analyzing the constraints 
on holomorphy. The most direct and systematic method is a "top down" approach - given a vector 
bundle, V, and a holomorphic starting point in the total moduli space, we can use the Atiyah analysis 
of Section [3] to decide how many complex structure moduli of X are constrained by the presence of V. 
This approach is direct and will yield the necessary information. However, it is frequently a difficult and 
computationally intensive calculation. Adding to this difficulty is the sensitivity of the answer to the 
initial starting point for the deformation. Frequently interesting structure exists, but it is hard to know 
where to start the calculation(see [S^ for a deeper discussion of this issue and computational tools). 

In this section, we have given several examples of the "bottom up" approach described in previous 
sections. While this analysis was proven to be fully equivalent to the Atiyah calculation for the class of 
bundles given in Section 21 in this section we simply use the bottom- up approach to illustrate, in several 
different settings, that it is possible to rapidly gain information about the holomorphic structure of a 
class of vector bundles by considering the way that their central "support" (such as the Yoneda product 
in (|7.17|) and the non-trivial morphisms in ()7.25|) ) varies with the complex structure. 

It should be pointed out that the types of examples given in this section are possible for all known 
systematic constructions of holomorphic vector bundles - including not only extension and monad bun- 
dles defined above but, also, bundles defined by the Spectral Cover [89], Serre [52] and the Maruyama 
[941 177) constructions. For any known construction of vector bundles, one can ask the same questions: 
how does the geometric data supporting the definition of the vector bundle vary with complex structure? 
By systematically addressing this question, "jumping" support (such as the extension classes, defining 
Homs and triple-products discussed above) is straightforward to identify. As the examples in this section 
illustrate, if we envision using point-wise holomorphic bundles as a mechanism to perturbatively stabilize 
the complex structure in heterotic theories, the class of such bundles is apparently both plentiful and 
versatile. 
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8 Kuranishi Maps, Higher-order Obstructions and the Super- 
potential 

8.1 Deformations and the Super potential 

In this subsection, we briefly review the correspondence between higher-order deformations of a geometry 
and higher-order terms in the effective theory. The essential argument here was first given in [80] for the 
standard embedding and deformations of the tangent bundle, TX. Below, we discuss the central ideas in 
a more general context. 

Let us begin with deformation theory. As noted in Section[3l the geometric deformations parametrized 
by elements of the cohomology groups 

H\X,TX), H\X,'End{V)), H\X,Q) (8.1) 

that appear as massless degrees of freedom in the four-dimensional effective theory are only first- order 
results. That is, these degrees of freedom are only allowable deformations of the geometry to first-order 
in an infinitesimal expansion. In terms of the effective field theory, these flat directions can, in principle, 
be lifted by higher-order contributions to the perturbative potential. 

We will illustrate the higher-order obstructions to deformations for the bundle moduli, H^(X, End(y)). 
However, the results are entirely analogous for the the other two deformation spaces of interest, H^{X, TX) 
and H^{X, Q). Let X be a compact manifold with fixed complex structure and V ^ X & holomorphic 
vector bundle over X . Consider elements 6A G H^{X, End(y))) corresponding to first-order deformations 
of the connection on the vector bundle V. Such a deformation can be expanded in terms of a vector 
parameter, e, as 

5A{e) = e^a, + e'e^aij + ... (8.2) 

where i ~ I, . . .h^{X,Find{V)). A change 6A of the connection induces a deformation of the anti- 
holomorphic covariant operator from Dq = d + Aq to 

D = Da + 6A{e) (8.3) 

acting on sections of V. An allowable deformation is one which preserves the holomorphic nature of the 
bundle and, hence, keeps F°'^ = D^ = 0. Imposing this condition, one finds to first-order in e that 

l"*-order: a^ e H\X,F.nd{V)) (8.4) 

and to second-order that 



-ynd 



order : Doaij + [«!,%] = , (8.5) 



where the brackets denote a commutator as elements of End(y) and a wedge-product as (0, l)-forms. 
As a result, the bracket is actually symmetric in its arguments. In order for the deformation to exist 
to second-order, [ai,aj] must be Do-exact. This pattern continues order by order. At each order in e 
one finds a new potential obstruction, which must be trivial as an element of H'^{X,End{V)) for the 
deformation to be allowed to that order. 

In deformation theory, these obstructions arc quantified by a specific map. Specifically, the above 
obstructions, at each order in e, form a piece of the map 

Kv : H\X, End(y)) -> H^{X, End(V^)) , (8.6) 
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called the Kuranishi map |54[ 156) . More generally for any compact, complex manifold, Y, the first-order 
deformations live in H^{X,TY) and any obstructions to a holomorphic deformation live in H^{X,TY). 
For the case at hand, if all the obstructions described above vanish, then the deformation is called 
integrable. It is clear that if the cohomology group containing all obstructions vanishes identically, that 
is, H'^{X,TY) = 0, then the above deformations will be integrable. Unfortunately, for vector bundles 
on Calabi-Yau threefolds no such simple vanishing occurs. The obstruction spaces H'^{X,») are non- 
vanishing for each of the first-order deformation spaces listed above in (|8.ip . Hence, more analysis is 
needed. Formally, the image of an integrable deformation under the Kuranishi maps vanishes to all orders 
and the covariant derivative in (j8.3p is well-defined. The space of such integrable deformations is 

Ky^iO) C H\X,End{V)) . (8.7) 

What does this geometric structure correspond to in the effective field theory? To understand this, 
recall what one means by a zero-mode of the four-dimensional theory associated with the connection. 
A massless state in this case is determined by an endomorphism valued (0, l)-form a, which satisfies a 
bundle- valued Laplace equation. That is, a is a harmonic representative of an element of H^{X, End(F)). 
By definition, there exist no quadratic mass terms for a in the potential. Hence, the 1"* order criterion 
(a E H^{X,End{V))) for a geometric deformation implies that the mass terms for the corresponding 
physical field vanishes to second-order in the effective potential. To second-order in deformation theory, we 
must compare the result of (j8.5p with the effective theory. The tri-linear contribution to the superpotential 
takes the form 

y{ai,aj,ak) ^ / V, ATi{ai[aj,ak]) ■ (8.8) 

Jx 



When (|8.5p holds, one can integrate by parts and show that (18. 8p vanishes. That is, when (j8.5p is satisfied 
the second-order geometric deformations are fiat to third-order in the effective theory. It is expected 
[50] that this correspondence continues to hold to higher-order - a deformation is integrable to n*'* order 
geometrically, if and only if the classical contribution to the spacetime superpotential vanishes through 
order (n + 1). 

In each of the three deformation spaces of interest to us, Dei{X),Dei{V) and Dei{X,V), we have 
already discussed the first-order results in Section |31 One can now ask what happens at higher-order? 
For Calabi-Yau threefolds, this question was definitively answered for Def(X) by Tian and Todorov 
[SIllHl]- They showed that all obstructions to the first-order deformation space, H^{X,TX), vanish to 
higher-order. Phrased in terms of the relevant Kuranishi map, kx ■ H^{X,TX) -^ H'^{X,TX) and the 
equivalent results to (|8.4p - (|8.6p . 

Kx\0) = H^{X,TX) . (8.9) 

From the arguments above, it is clear that in the absence of a vector bundle to constrain the base manifold, 
that the complex structure moduli would remain flat directions of the perturbative effective theory to all 
orders. 

Now consider the bundle moduli, -ff^(X, End(y)), and inquire what happens to these deformations at 
higher-order? In the early literature (see |84[ I85j for example) exploring the Kontsevich and Strominger- 
Yau-Zaslow approaches to mirror symmetry, it was conjectured that, for deformations of slope-zero stable 
holomorphic vector bundles, the deformations in H^{X,Eud{V)) were also protected and integrable to 
all orderqlj - as in the Tian- Todorov result for H^{X,TX). However, subsequent explorations provided 



■'Specifically, under certain circumstances slope-zero stable vector bundles on Calabi-Yau threefolds X should correspond 

37 



explicit counter examples to this conjecture |86[ 179) . In particular, it is known that there can exist non- 
trivial images Ky(a) G H^{X,Fjnd{V)) under the Kuranishi map associated with V. Hence, these flat 
directions can certainly be lifted to higher-order in the effective theory. 

Finally, consider the deformation space of real interest in a heterotic compactification, H^{X, Q). 
Since this space receives contributions from both of the deformations described above, it is expected that, 
in general, obstructions can exist and moduli can be lifted at higher-order. In the following subsection, 
we use the techniques described above to derive some information about the higher-order obstructions to 
the simultaneous deformation space. 

8.2 A Bound on the Moduli Space 

In this section, we show that the dimension of Dei{X, V) to all orders in deformation theory is bounded 
from below. We are interested in the image of the Kuranishi map, K(x,y) • H^{X, Q) — > H^{X, Q). To 
begin, recall the definition of the bundle Q given in p.l[) . 

-^ End(F) -^ Q->-TX->-0 , (8.10) 

and it's associated long exact sequence in cohomology, 

^ H^{X,End{V)) -^ H^X,Q) -^ H^X,TX) -^ 

Kv i i^ixy) i Kx i (8.11) 

^ H^{X,End{V)) -^ H^iX,Q) -^ H^{X,TX) -^ .... 

By following a similar, but unrelated, argument in [8 7) . we will to prove, to all orders in deformation 
theory, that 

dim(Dei{X,V)) > h^{X,TX) . (8.12) 

To see this, first note that since each of the vertical Kuranishi maps above commutes |87j with the maps 
induced from (|8.10p . one can relate K(^x.v) to kx and Ky- We saw above that by the Tian-Todorov 
result [m [82], kx has vanishing image to all orders. As a result, K(^x.v) has values in the image of 
p : ij2(X,End(T/)) -^ H^{X, Q). By (|8TT1) we have 

dim(Def(X, F)) = Klx.v)iO) = ^'(^' 2) - dim(Im(K(x,y)) (8.13) 

> h^{X,Q) -dim(Im(p)) 
= h\X, Q) - h^{X, End(V")) + dim(Ker(p)) . 

By exactness, this gives 

dim(Def(X, V)) > h\X, Q) - h^{X, End(y)) + dim(Im(a)) (8.14) 

= h^iX, Q) - h^{X, End(y)) -I- h\X,TX) - dim(Ker(a)) 

= h^{X,End{V)) + dim{KeT{a)) - h'^{X,'End{V)) + h\X,TX) - dim(Ker(a)) 
= h^{X,TX) 

where a : H^(X,TX) -^ H^{X,Find{V)) is the familiar Atiyah class. The last equality follows from the 
fact that h^iX,End(y)) = h'^iX,End{V)) for SUin) bundles on a CY threefold by Serre Duality [S5]. 



to special Lagrangian cycles (with flat line bundles on them) on the mirror X- Since the deformations of smoothly embedded 
special Lagrangians are unobstructed [83], it was conjectured that the vector bundle moduli would likewise be integrable. 
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This bound is consistent with the behavior of all bundles thus far discussed in this paper. For example, 
line bundles i on a CY threefold deform with the base and, hence, dim(Def(X, L)) = h^{X,TX) to 
all orders. More generally, it was argued in {87 that for any rigid bundle with H^{X,F,nd{V)) — 0, 
dim.(Dei{X , V)) ~ h^(X,TX). On the opposite extreme, suppose that we consider a bundle that is 
only holomorphic for isolated points in complex structure moduli space. In this case, as we observed in 
Section [3l the holomorphy of the bundle stabilizes all complex structure moduli and a : H^{X,TX) — >■ 
H'^{X,End{V)) is surjective. That is, h^{X,End{V)) > h^{TX), consistent with the above bound. 
Moreover, in this case, the proof given above guarantees that if all the complex structure moduli are 
fixed, at least h^{X,TX) of the bundle moduli are integrable deformations to all orders. Phrased in 
terms of the effective field theory - for any A^ = 1 theory of this type in which the complex structure 
moduli have been fixed, there are at least h^{X,TX) fiat directions in bundle moduli space to all orders 
in the perturbative theory. 

At first glance, this result might indicate that in our approach to complex structure stabilization we 
have merely shifted the problem from one moduli sector to another, since we must introduce at least 
h^{X,TX) bundle moduli to stabilize the complex structure moduli. However, the situation is better 
than this for a number of reasons. First, at least in some cases, the bundle moduli space for fixed Kahler 
and complex structure moduli is compact, so that basically any kind of bundle- moduli dependent potential 
will lead to their stabilization. It is well-known that non-pcrturbative effects in the superpotential, such 
as membrane or world sheet instantons and gaugino condensation have pfaffian pre-factors that are higher 
degree polynomials in the vector bundle moduli [95 l [96 l l97 l l98 l [99 l 1100] . Also, the bundles considered here 
are in the hidden sector so that the coupling of these moduli to observable sector fields is suppressed. As 
a practical matter, it is important to observe that for simple hidden sector bundles of the form introduced 
in Section |4l the bundle moduli space is very simple to describe [65, and may be analyzed more easily in 
the context of moduli stabilization. 

Finally, we should make note of these results in relation to the old (and now disproved) conjectures 
mentioned in the previous subsection. Although the claims about the unobstructedness of bundle mod- 
uli space, H^{X,End{V)), proved to be false, it is possible that the above bounds shed some light on 
what subset of H^{X, Q) could be related to un-obstructed (special lagrangian) geometry under mirror 
symmetry. It would be interesting to explore such correspondences further. 

9 A Hidden Sector Mechanism 

From the previous sections, it is clear that the presence of a holomorphic bundle, V, on a Calabi-Yau 
threefold can highly constrain the complex structure moduli of the base X. In particular, by carefully 
constructing holomorphic bundles (such as the "jumping" SU{2) extension bundles of Section |4|) it will 
be possible to stabilize many or all of the complex structure moduli. However, it is likely that such 
constructions will involve very specific choices of the bundle involved. When one recalls how difficult it 
is to construct Heterotic Standard Models (bundles with the same symmetries and particle spectrum as 
the MSSM), it is natural to worry that combining all of these effects into one vector bundle might be too 
difficult to accomplish. Fortunately, within heterotic M-theory there is more than one gauge bundle to 
consider. We propose introducing hidden sector vector bundles (that is vector bundles that live at the 
second Eg fixed plane) that will constrain the complex structure moduli via the mechanism described in 
this paper. This allows us to leave the visible sector bundle (in the first Eg) free for model building - 
that is, to obtain a realistic gauge group, spectrum and so on. 
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To study the possible choices of moduh-stabihzing hidden sector bundles, it is useful to review the 
conditions that we must place on such a hidden sector. These are 

1. V must be slope poly-stable for some region of the Kahler cone. 

2. The anomaly cancellation condition (|2.1I) must be satisfied. In full generality, this given by 



C2{X) - C2{Vvisible) - C2{Vhidden) = [W]m5 , (9.1) 

linking the second Chern classes of the Calabi-Yau threefold and the visible and hidden sector. 
[WJa/s is an effective curve class. Given a visible sector bundle, (|9.ip provides a bound on the 
second Chern class of a hidden sector bundle. 

3. The hidden sector mechanism for complex structure stabilization must be compatible with other 
phenomenological tools frequently employed in a hidden sector - such as gaugino condensation. 
Generically, this has been shown to be possible in [31] |32] . 

Given this list of criteria and a fixed visible sector gauge bundle, it is natural to ask whether the possible 
choices for complex structure stabilizing hidden sector bundles can be enumerated? To this end, we 
would need to be able to compute the Donaldson- Thomas invariants [101] of the Calabi-Yau manifold 
X which count the number of slope-stable, holomorphic vector bundles with a fixed total Chern class 
c{V) — {rank{V),ci{V),C2{V),C3{V)). It has been shown that for Calabi-Yau manifolds and fixed c{V), 
the associated Donaldson-Thomas invariants are finite [1021 1103] . For our purposes, we know that the rank 
of y is a maximum of 8 (and constrained by realistic phenomenology to be much lower) . The first Chern 
class of V must vanish since its structure group is a subgroup of Eg and its second Chern class is bounded 
from above by (|9.1|) . Finally, if we hope to add non-perturbative effects such as gaugino condensation 
to the hidden sector, we require the effective theory to be asymptotically free. As a result, we expect a 
bound on the third Chern class C3(V). Since C3{V) = Ind(y), this would imply a bound on the number 
of hidden sector generations. Thus, for a fixed visible sector gauge bundle, we would expect that there 
are a finite number number of topological choices, c{V), for the hidden sector bundles described abovqlj. 
If the relevant Donaldson-Thomas invariants were to be computed - see [51j for some techniques to do 
this - it should be possible to describe all relevant hidden sector bundles. Unfortunately, the computation 
of high-rank Donaldson-Thomas invariants is a notoriously difficult problem and one cannot at present 
carry out this calculation. 

For now, we simply note that on a given Calabi-Yau threefold there may be many different bundles 
whose holomorphy will stabilize many or all of the complex structure moduli. An analysis of an individual 
Calabi-Yau threefold may reveal classes of bundles particularly well-suited to the role of a hidden sector 
stabilization mechanism. However, it is important to observe here that even simple classes of vector 
bundles, such as the SU{2) extension bundles discussed in Section |4] and others in Section [7l can provide 



^^The mathematically inclined reader may wonder if our results have any bearing on the Hodge Conjecture (see for example, 
[104M105] ). Specifically, one might ask the following question. Let us call a bundle which is not holomorphic for generic values 
of the complex structure of X "holomorphically constrained" . Could it be the case that there exist topological classes of vector 
bundles, parametrized by a total Chern class c{V), which are holomorphically constrained for all members of the topological 
class? If so, this would provide a counter-example to certain formulations of the Hodge Conjecture. The answer, however, is 
that while such classes of bundles may exist, this is not the structure we have seen in the examples presented in this paper. 
Instead, for every complex structure constraining bundle we consider there is another member of the topological family which 
is holomorphic for generic values of the complex structure (for example, the direct sum £ © £'^ serves this role for the bundle 
defined in (|4.H) ). Thus, our results do not contradict any form of the Hodge Conjecture. 

40 



good choices of such stabihzation bundles. In particular, the non-trivial, poly-stable SU(2) extension 
bundles of Section |4l 

O^C^V^C^^O, (9.2) 

can be defined for any Calabi-Yau threefold with h^'^ > 1. Such bundles easily satisfy the list of constraints 
above. They are slope-stable in the region of Kahler moduli space for which /i(£) < 0. Moreover, their 
second Chern class can be chosen to be compatible with a wide range of visible sector bundles. To see 
this, consider 

C2{V) = -ch2{V) = ch2{C) ® ch^iC") = ^i^ + ^i^^ = ci(£) A ciiC) (9.3) 

where r, s = 1, . . . ft,^'^. In terms of the triple intersection numbers drst, we can then write the anomaly 
cancellation condition as 

drst{c2{X) - C2{Vyistble) " C2 (Vhidden))'** > Vr . (9.4) 

Note that by the stability condition, H'^(X,C) = 0, £ is not an ample line bundle. As a result, its first 
Chern class will generically be a vector with mixed positive/negative entries. For example, in Section 
[6l ci^Cy = (—3,3). Hence, drstC2{VhiddenY^ is generally of mixed sign and can be taken to be small. 
Therefore, for a hidden sector bundle of the type we propose, there will be plenty of room to fit the 
visible sector bundle, VyisiUe, in the integer bound, (j9.4[) . provided by anomaly cancellation condition. 
Finally, as we saw in Section 14. 2[ for appropriate choices of the line bundle £ the defining Ext^ of the 
extension sequence can be chosen to "jump", as discussed in (|4.25p . That is, it is generically possible 
to find an extension bundle of this form, whose holomorphic structure will have a dependence on the 
complex structure moduli. 

Having motivated the utility of this hidden sector mechanism for stabilizing moduli in heterotic com- 
pactifications, it is natural to take a step further and ask whether this mechanism can be incorporated into 
a realistic heterotic moduli-stabilization scenario? A first exploration of this question was begun in [32] . 
In that paper, the complex structure stabilizing bundles described here were employed in a full heterotic 
moduli stabilization scenario. It was demonstrated in [311 [32] that bundles of the type (|9.2p are not only 
generically present on Calabi-Yau threefolds, but also completely compatible with other useful hidden 
sector effects. In particular, we presented a three-stage moduli stabilization scenario for the complex 
structure, the Kahler moduli and the dilaton. 

In the first stage, techniques discussed in this work can be employed to stabilize the complex structure 
moduli by the presence of a vector bundle which is holomorphic only for an isolated locus in complex 
structure moduli space. This geometric mechanism can be described by F-term contributions to the 
effective potential in explicit examples, such as those in Section |4l For the four-dimensional physics, 
it is important to note that the stabilization of the complex structure is achieved without introducing 
flux. As a result, the compactification remains a Calabi-Yau threefold and, hence, we are able to retain 
a considerable mathematical toolkit for analyzing such geometries. 

In the second stage, it is possible to use the remaining perturbative condition of slope-stability to re- 
strict the dilaton and Kahler moduli. This corresponds to partial D-term stabilization of these fields and is 
accomplished by adding further "split" poly-stable bundles to the hidden sector. In [32], we demonstrated 
that the presence of these D-terms is highly constraining to the effective theory. In particular, the D-terms 
used in stage 2 are associated with gauging various linear combinations of axions. Any nonperturbative 
superpotential must be consistent with this. 
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Finally, in stage 3, we introduce more familiar non-perturbative effects such as gaugino condensa- 
tion and membrane instantons. By adding such effects, it was explicitly demonstrated that the non- 
perturbative mechanisms of stage 3 can complete the stabilization of the geometric moduli (note that the 
bundle moduli were not considered in |32)). A crucial aspect of the scenario described above is that, at 
the end of stages 1 and 2, the resulting moduli space of vacua is supersymmetric and Minkowski. That 
is, the unstabilized fields have no potential and the classical cosmological constant is zero. As a result, 
this scenario does not suffer from a need to fine-tune the perturbative potential to be small, as arises in 
some KKLT-like scenarios. It would be of interest to explore such moduli stabilization scenarios further 
and, in particular, to continue the search for susy-breaking vacua. 



10 Conclusions 

In this paper we have developed a practical mechanism for perturbatively stabilizing the complex structure 
moduli of a Calabi-Yau threefold in the context of a heterotic compactification. The remarkable feature 
of this mechanism is that the moduli are stabilized while in no way changing the Kahler or topological 
structure of the manifold. That is, we stabilize moduli while staying within the class of Calabi-Yau 
manifolds. Unlike other mechanisms |113j - pT5] for stabilizing moduli - such as introducing topologically 
non-trivial flux - which dramatically change the properties of the base manifold, this approach allows us 
to keep the toolkit of algebraic (Kahler) geometry. As a result, we can hope to combine this mechanism 
with known approaches to constructing realistic visible sectors [10j-|19j. rather than being forced to start 
over with the difficult task of computing spectra (cohomology) and designing phenomenologically relevant 
gauge bundles on new, non-Kahler spaces. 
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A Deformations of the Total Space of a Bundle 

In this section, we give a brief review of the derivation of the Atiyah sequence by describing the deforma- 
tions of the total space oi tt : V —>■ X as a complex manifold (see [57] for a more complete discussion) . 

To measure the simultaneous infinitesimal deformations of V and X we are interested in the deforma- 
tions of the total space (fiber -t- base) oi V -^ X. If the total space were a compact manifold, then this 
analysis would be an example of what we have already discussed. It is well-known that the first-order 
deformations of any compact, complex space X are simply measured by H^{X,TX) [SH [55]. However, 
since the fiber directions of V are non-compact, one must first reduce the problem to that of a compact 
space by considering separately the deformations of the line bundle A*°pV and the projective bundle 
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V = F{V) — > X. From this decomposition, there arises the short exact sequence 

O^T-p\x ^TV^r*{TX)~>0 (A.l) 

of bundles over V, where T-p^x describes the vertical (fiber) directions. The Leray spectral sequence 
associated with the map r gives us [57] 

W{P,r*{TX)) = H'\X,TX) and H'{P,T-p\x) = H\X,'Eml{V)) , (A.2) 

where End denotes the trace-free endomorphisms. In terms of these results, H^{X, TV) can be described 
by the long-exact sequence in cohomology 

0^ H^{X,End{V))^ H^{P,TV)^ H\X,TX)^ H^{X,End{V))^ ... . (A.3) 

This is the sequence p.2p presented in Section |31 It gives H^{P,TV), the first-order deformations of the 
pair (X, V) , in terms of the deformations of V (with X fixed) and the deformations of X (regardless of 
V). 

Instead of using the Leray sequences to determine H^{P,T'P), one could have considered directly the 
restriction of (|A.1[) to the base X. Performing this restriction, we get a short exact sequence over X given 

by 

-^ End(F) ^ Q^TX^O . (A.4) 

This is the "Atiyah sequence" of p.ip . By definition, we have defined Q so that 

H\X,Q) = H\P,TV) , (A.5) 

as described above. The coboundary map a = [F^^^] e H^{X, V (g) V^) is the Atiyah class [53 1 157 ] . 

B Moduli of Bundles Defined By Extension 

In this Appendix, we give a brief discussion of the bundle moduli associated with the SU{2) bundle 
presented in Section S) Let V defined by 

Q^C^V^C^^Q (B.l) 

be a holomorphic vector bundle with structure group SU{2) defined over X, a Calabi-Yau threefold. 
The bundle V is specified by the extension class e H^{X,C^). For V to be an example of the type 
discussed in Section|4l the cohomology H^{X,C'^) containing the extension class must be able to "jump" 
in an index preserving manner with H^{X, C^) ~ H^{X, C^ ). Without loss of generality, we will assume 
that at our initial starting point in complex structure moduli space H^{X,£^) and H^{X,£'^ ) are both 
non- vanishing. Furthermore, by construction, we choose the line bundle £ and the Kahler moduli so that 
n{C) < 0. For such a line bundle and region of moduli space, V is slope-stable. Consistent with stability, 
one must have H°{X, C^) ^ il^{X,C^'^) = 0. 

To determine the local moduli space of V, we must compute the cohomology 7f^(X, End(V')) = 
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H^{X, V (8) V^). This can be done using the array 
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From these sequences, take the associated long exact sequences in cohomology, beginning with (jB.41) . 
These are 

^ H°{X,C® V) -^ H°{X, Ox) A H\X, £2) ^ h\X, C^V'^)~^0 (B.6) 

H^{X,£<»V'^)^H^{X,C^) (B.7) 

H^{X,£<»V"')^H^{X,Ox)'^C (B.8) 

Since cj) G H^{X,C^) is a non-trivial extension class, the induced coboundary map (f> in (JB.6P is injective 
and H°{X, Ci^V^) = 0. With this observation, ((R6|) reduces to 

H\X,C®V'') = "'^^^'^ . (B.9) 

Next, from (jB.sp . we note that 

C^H°{X,Ox)^H"{X,C'^ (E)V'^) (B.IO) 

H\X,C''®V'^)^H^{X,C''^) (B.ll) 

^ H^XX"" ® V") -^ H\X,C''^) A H^X,Ox) -^ H^X,C'' ® V^^) ^ (B.12) 

By a similar argument to that above, one can verify that 4> in (IB.12P is surjective and H^{X, £^®T^^) = 0. 
Thus, we have 

H^{X, C^ (E) V^) ^ Ker U : H^{X, C^^) -^ H^{X, Ox)) (B.13) 

with dimension h^{X, C ® V^) = h'^{X, C^) - 1. 

We can now substitute this information into the cohomology sequence for (|B.3I) to determine the form 
oiH^{X,V®V'^). We find 

0^ H^{X,V®V^)^ H^\X,C'^ ®V^) (B.14) 

A H\X, C(EV'')^ H\X, V<E>V'')^ H^X, C" ® V"") (B.15) 

A H'^{X,C®V^) -^ H'^{X,V®V'') -^ H'^{X,C'' ®V^) (B.16) 

A H^{X,C®V'^) -^ H^{X,V®V'^)^Q , (B.17) 
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where the coboundary map, S, is an element oi H^{X,C'^ xViSSV^). Since V is stable, H^{X, F®F^) = C 
and the filtration of V^ by £ in (jB.fl) induces an identification of S with the extension class, (f> E H^{X, C^). 
That is, 

5 ^ (I) e H^{X,C^) ^ H^{X,V (^V) xH^(X,C^) cH^{X,C^ xV®V'^) . (B.18) 

Using this coboundary map, and the results of ()B.6P - ()B.8|) and (jB.10P - (|B.12p . the sequences in (jB.14|) - 
(|B.17|) reduce to 

H°{X,V(g)V'')c:iH^{X,V(g)V'')c:iC (B.19) 

H\X,V®V'')c^^^^^^^^(BH\X,C"'^) (B.20) 



H'{X, VCSV)- H\X, C') ® Ker U : H^{X,C ) ^ Cj (B.21) 

We have, at last, computed the general dimension 

h\X, ¥(8)^) = h^{X, V^V'')^ h\X, C^) + h\X, C^^) - 1 (B.22) 

of the vector bundle moduli space associated with V in (jB.ip . 



C Scale Independence in Physical Descriptions of Complex Struc- 
ture Moduli Space 

It is well known that complex structure moduli space can be described in terms of a set of homogeneous 
coordinates Z'^, with two points being identified if they are related by complex rescaling Z^ ~ A Z^. 
Since two points in the space of Z values are the same point in complex structure space if related by 
such a scaling, A must completely drop out of any physical description of the moduli space. This is often 
achieved by working in so-called affine variables, but this is in fact unnecessary. 

Let us start by considering the Kahler potential on complex structure moduli space |1081 11071 1106] 

Kcs = -HiiZ^GA - Z^Ga)) . (C.l) 

Here we take the redundant set of fields Z^ to be the lowest components of the relevant A^ = 1 chiral 
superfields. The holomorphic function Q is called the N = 2 prepotential and determines the metric on 
moduli space completely. A lower subscript denotes a derivative with respect to Z . The prepotenial has 
scaling dimension 2, that is, Q{AZ) ^ A^Q{Z). Under such a scaling, the Kahler potential (jC.ip changes 
by a Kahler transformation 

Kcs ^ i^cs - ln(A) ~ ln(A) , (C.2) 

The supergravity action can be written entirely in terms of the function G = J-iT+ln \W\'^ and its derivatives. 
This function G needs to be invariant under the above scaling in order for the supergravity action to be 
and, as a result, the superpotential has scaling dimension one and must change as 

W -^ AW . (C.3) 

In particular, this means every superpotential term must depends on the homogeneous complex structure 
coordinates Z^. 
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D Computational Details 

In this Appendix, we briefly outline the details of the calculation which determined the number of moduli 
stabilized in Subsection 16.11 In the example presented in Section [HI the holomorphy of the bundle 

0^C'(-3,3)^y ^0(3,-3)^0 (D.l) 

was studied over the quotient manifold X/iZ,^ x Z3) where X was defined in (|6.ip by the vanishing of a 
bi-degree (3, 3) hypersurface in P^ x P^. As in Subsection 16. 11 we will label the coordinates of the ambient 
projective spaces via, {xi, y,} where i = 0, 1, 2 and the Z3 x Z3 symmetry acts as on these homogeneous 
coordinates in (|6.14l) . 

As in (J6.15I) . the most general defining polynomial invariant under the discrete automorphism is 



P(3,3) = A:^ X! ^']^i±'^y]+ky]+k±i + ^2 X! ^h^i+k + ^3a;ia;2a;3 ^ y| 
j j 3 

+^42/12/22/3 X! ^i + Aa:ia;2a;3yi2/22/3 , (D-2) 

where j, fc = 0,1,2 and there are a total of 12 free coefficients, denoted by A with various indices. 
Subtracting the freedom of an overall scaling in the p — equation leaves K^^^ {X / {"L^ x Z3)) = 11. 

In this Appendix, we explicitly demonstrate the fluctuation, or "jumping extension calculation" for 
the bundle V in (|D.2p on X/il^^ x Z3). This will be similar in structure to that described in (I6.11|) for 
the covering space, X given in (j6.1[) . In particular, we must determine where in the complex structure 
moduli space of X/{'L^ x Z3), the cohomology 

H^X/iZs X Z3), £2) = H^{X/{Z3 X Z3), 0(-6, 6)) (D.3) 

is non-vanishing? This requires that we solve the fluctuation equation 

{po + Sp)(ko + Sk) = (D.4) 

where po is an initial invariant deflning polynomial of the form (jD.2[) and ko is a starting element of 
H'^{X,Af^ ® L'^) — H^{X,0{—9,S)) which is invariant under the symmetry action given in (j6.14p . To 
proceed a starting point pa,ko must be chosen, the invariant fluctuations Sp,Sk defined, and an explicit 
polynomial description of all of the above given. Before we can clearly describe this calculation then, 
we must first provide such a polynomial (algebraic) description of the cohomology. Thus, we will briefly 
detour from our goal here to first describe the relevant cohomology that we will need to analyze (|D.4[) 

In this work, we will employ the Bott-Borel-Weil Formalism |111| . for describing the cohomology 
H*{X,C) for any line bundle £. Once this description of the covering space cohomology is obtained, 
we can provide a polynomial description of H*{X/{Zs x Z3),£) by simply finding the elements of this 
cohomology that arc invariant under (|6.14p . It is beyond the scope of this work to provide a thorough 
review of this formalism and here we merely direct the reader to more complete discussions provided in 
|lll[|70j . In the following paragraphs we provide a brief summary of the key ideas. 

The polynomial descriptions we require begin with observations about line bundle cohomology over a 
single projective space. For any line bundle defined over a single projective space, P", the only possibly 
non- vanishing cohomology groups are iJ°(P", C) and iJ"(P", £) and only one of these can be non- vanishing 
for a given line bundle. If the homogeneous coordinates of projective space are denoted z^, « = 0, . . . n — 1, 
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then, for an ample line bundle 0{k), fc > 0, on P", the polynomial representation is nothing more than 
the global sections 

i7"(P", 0{k)) ^ {zo^ zr^zi, . . . , ztj . (D.5) 

That is the set of all homogeneous degree k polynomials over P". Likewise, for a line bundle of the form 
0{—k) with k > n, we can find a polynomial description of _ff"(P", £'(— fc)). In this case, however, the 
description is in terms of "inverse" polynomialfo of degree —{k — n) of the form 

H-{r\0{-k))^{-^,-^^,...,-^}. (D.6) 

In this description, multiplication of regular and inverse polynomials takes the delta-function form 
that 



.fc 



Zi 



1 1 Hi = j 



^k 



(D.7) 



^j [0 iit^j 
This concisely encodes the Serre duality mapping 

i/°(P", 0{k)) X H'\r\0{-k -n-1))-^ H''\r\ 0{-n - 1)) = C (D.8) 

With this consistent polynomial representation in hand we can extend it to the case of interest - multi- 
projective spaces ~ via the Kunneth formula [SS] which states that for any sheaf, [/, defined on a direct 
product space X xY , the cohomology decomposes as 

H\XxY,U)= ^ H\X,U\x)®H^{Y,U\y) (D.9) 

k=i+i 

We are ready to represent the cohomology relevant to (jD.4|) . We begin with the cohomology on X 
defined by ^(3.3) = 0. The Koszul sequence for £'(— 6, 6) gives us 

^ H^{X, ©(-6, 6)) ^ i/2(p2 X p2, 0{-9, 3)) ^ H^{F^ x ¥^,0{-6, 6)) ^ H'^{X, 0{-6, 6)) ^ 

(D.IO) 
where by (|D3|) . (|DJ1) and ((DJ)) . 

i/2(p2 X P^, 0(-9, 3)) = space of homogeneous polynomials of bi-degree (-6, 3) (D.ll) 

3 2 3 3 

_ r^o ^0^1 ^0 2/21 rnio'i 

i/2(p2 X p2, C'(— 6, 6)) = space of homogeneous polynomials of bi-degree (—3, 6) (D.13) 

andpo is the degree (3, 3) defining polynomial. Note that (|D.7[) implies for example that the multiplication 

3 
% X x'kyf. maps to zero in H'^('¥'^ x P^, ©(— 6, 6)) since the monomials in the numerator and denominator 

are of the wrong type to cancel out and map into an appropriate element of the target. 

We choose as the initial point in complex structure moduli space the defining polynomial 

Po = xlvl - xlvl - xlvl -K xlvl + xlvl - xlvl (D.15) 

corresponding to the coefficient choice A\ = l^ A\ — —1 and all others vanishing. 



See 11121 for related ideas. 
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The invariant basis of i7^(P^ x P^,C'(— 9, 3)) contains 33 elements. We choose a random element 
of this space as our starting point feg. Next, to determine for which fluctuations of complex structure 
H^{X,0{— 6,6)) can remain non- vanishing, we must form the ideal given by (jD.4p and eliminate the Sk 
degrees of freedom in order to find the allowable fluctuations Sp. This can be achieved using a Groebner 
basis computation in any appropriate elimination ordering [75, . 

We find at the given starting point in (|D.15I) there are only two degrees of freedom in 5p that will 
solve (|D.4p . This fluctuation of the defining polynomial is given by 

6p = SAlxlvl + {l~ SAl ~ 6Al)xlyl + (-1 + 6Al)xlyl + (-1 + SAl)xlyl + SAJxlyf (D.16) 

+(f - SAl - SADxlyf + (1 - SAl - SAl)xf,yl + (-1 + SA^xfyl + SAJx^y^ 

One of the two remaining degrees of freedom is the overall scale, which drops out and is not a complex 
structure modulus. As a result, this local calculation implies that the presence of the holomorphic bundle 
V in (|D.ip stabilizes 10 out of the 11 moduli. 

References 



[1] 

[2] 

[3] 
[4] 
[5] 
[6] 
[7] 

[8] 

[9] 

[10] 

[11] 
[12] 



P. Candelas, G. T. Horowitz, A. Strominger and E. Witten, "Vacuum Configurations For Super- 
strings," Nucl. Phys. B 258, 46 (1985). 

M. B. Green, J. H. Schwarz and E. Witten, "Superstring Theory. Vol. 2: Loop Amplitudes, Anoma- 
lies And Phenomenology," Cambridge, Uk: Univ. Pr. (1987) 596 P. (Cambridge Monographs On 
Mathematical Physics) 

E. Witten, "Strong Coupling Expansion Of Calabi-Yau Compactification," Nucl. Phys. B 471, 135 
(1996) |arXiv:hep-th/9602070| . 

A. Lukas, B. A. Ovrut and D. Waldram, "On the four-dimensional effective action of strongly coupled 



heterotic string theory," Nucl. Phys. B 532, 43 (1998) |arXiv:hep-th/9710208 . 



A. Lukas, B. A. Ovrut and D. Waldram, "The Ten-dimensional effective action of strongly coupled 



heterotic string theory," Nucl. Phys. B 540, 230 (1999) |arXiv:hep-th/9801087) . 

A. Lukas, B. A. Ovrut, K. S. Stelle and D. Waldram, "The universe as a domain wall," Phys. Rev. 
D 59, 086001 (1999) [arXiv:hep-th/9 803235l. 

R. Donagi, A. Lukas, B. A. Ovrut and D. Waldram, "Holomorphic Vector Bundles and Non- 



Perturbative Vacua in M-Theory", JHEP 9906 (1999) 034. |arXiv:hep-th/9901009 

A. Lukas, B. A. Ovrut, K. S. Stelle and D. Waldram, "Heterotic M-theory in five dimensions," Nucl. 
Phys. B 552, 246 (1999) |arXiv:hep-th/9806051] . 

A. Lukas, B. A. Ovrut and D. Waldram, "Non-standard embedding and five-branes in heterotic 
M-theory," Phys. Rev. D 59, 106005 (1999) arXiv:hep-th/9808101| . 

R. Donagi, Y. H. He, B. A. Ovrut, and R. Reinbacher, "Moduli Dependent Spectra of Heterotic 



Compactifications" , Phys.Lett. B598 (2004) 279-284. arXiv:hep-th/0403291 . 

R. Donagi, Y. H. He, B. A. Ovrut, and R. Reinbacher, "The Spectra of Heterotic Standard Model 
Vacua", JHEP0506:070,2005.larXiv:hep-th/04"m56 



V. Braun, Y. H. He, B. A. Ovrut, and T. Pantev, "A Heterotic Standard Model", Phys.Lett.B618:252- 
258,2005. ,arXiv:hep-th/0501070, 

48 



[13] V. Braun, Y. H. He, B. A. Ovrut, and T. Pantev, "Vector Bundle Extensions, Sheaf Cohomology, 



and the Heterotic Standard Model", Adv.Theor.Math.Phys.lO:4,2006. arXiv:hep-th/0505041 



[14] V. Braun, Y. H. He, B. A. Ovrut, and T. Pantev, "The Exact MSSM Spectrum from String Theory", 



JHEP0605:043,2006.[ajXiv:hep-th/0512177 



[15] J. Gray, A. Lukas and B. Ovrut, "Flux, Gaugino Gondensation and Anti-Branes in Heterotic M- 
theory," Phys. Rev. D 76, 126012 (2007) |arXiv:0709. 29141 [hep-th]]. 

[16] J. Gray, A. Lukas and B. Ovrut, "Perturbative anti-brane potentials in heterotic M-theory," Phys. 



Rev. D 76, 066007 (2007) |arXiv:hep-th/0701025 



[17] V. Bouchard and R. Donagi, "An SU(5) heterotic standard model," Phys. Lett. B 633, 783 (2006) 
[arXiv:hep-th/0512149l . 

[18] L. B. Anderson, J. Gray, Y. H. He and A. Lukas, "Exploring Positive Monad Bundles And A New 
Heterotic Standard Model," JHEP 1002, 054 (2010) arXiv:091 1.15691 [hep-th]]. 

[19] L. B. Anderson, J. Gray, A. Lukas and E. Palti, "Two Hundred Heterotic Standard Models on 
Smooth Galabi-Yau Threefolds." larXiv:1106.4804l [hep-th]. 

[20] W. Buchmuller, K. Hamaguchi, O. Lebedev, M. Ratz, "Supersymmetric standard model from the 
heterotic string," Phys. Rev. Lett. 96, 121602 (2006). |hep-ph/0511035| . 

[21] W. Buchmuller, K. Hamaguchi, O. Lebedev, M. Ratz, "Supersymmetric Standard Model from the 
Heterotic String (H)," Nucl. Phys. B785, 149-209 (2007). ihep-th/0606187| . 

[22] O. Lebedev, H. P. Miles, S. Raby, S. Ramos- Sanchez, M. Ratz, P. K. S. Vaudrevange, A. Wingerter, 
"A Mini-landscape of exact MSSM spectra in heterotic orbifolds," Phys. Lett. B645, 88-94 (2007). 
[hep-th/0611095] . 

[23] J. E. Kim, J. H. Kim and B. Kyae, "Superstring standard model from Z(12-I) orbifold 
compactification with and without exotics, and effective R-parity," JHEP 0706, 034 (2007) 
[arXiv:hep-ph/0702278| . 

[24] O. Lebedev, H. P. Nilles, S. Ramos-Sanchez, M. Ratz, P. K. S. Vaudrevange, "Heterotic mini- 
landscape. (II). Gompleting the search for MSSM vacua in a Z(6) orbifold," Phys. Lett. B668, 
331-335 (2008). |ar Xiv:Q8Q7.438 4 [hep-th]]. 

[25] S. G. Nibbelink, J. Held, F. Ruehle, M. Trapletti, P. K. S. Vaudrevange, "Heterotic Z(6-II) MSSM 
Orbifolds in Blowup," JHEP 0903, 005 (2009). ' arXiV:0901.30 59 [hep-th]]. 

[26] M. Blaszczyk, S. G. Nibbehnk, M. Ratz, F. Ruehle, M. Trapletti, P. K. S. Vaudrevange, "A Z2xZ2 



standard model," Phys. Lett. B683, 340-348 (2010). [arXiv:091L4905, [hep-th]]. 

[27] M. Blaszczyk, S. G. Nibbehnk, F. Ruehle, M. Trapletti, P. K. S. Vaudrevange, "Heterotic MSSM on 
a Resolved Orbifold," JHEP 1009, 065 (2010). a rXiv: 1007.02 03 [hep-th]]. 

[28] R. Kappl, B. Petersen, S. Raby, M. Ratz, R. Schieren, P. K. S. Vaudrevange, "String-derived MSSM 
vacua with residual R symmetries," Nucl. Phys. B847, 325-349 (2011). .arXiv:1012.4574 [hep-th]]. 

[29] R. Blumenhagen and T. Rahn, "Landscape Study of Target Space Duality of (0,2) Heterotic String 
Models," arXiv: 1106.4 998 [hep-th]. 

[30] M. Blaszczyk, S. G. Nibbelink and F. Ruehle, "Green-Schwarz Mechanism in Heterotic (2,0) Gauged 
Linear Sigma Models: Torsion and NS5 Branes." .arXiv: 1107.0320. [hep-th]. 

49 



[31] L. B. Anderson, J. Gray, A. Lukas and B. Ovrut, "Stabilizing the Complex Structure in Heterotic 
Calabi-Yau Vacua," JHEP 1102, 088 (2011) |arXiv: 1010.02551 [hep-th]]. 

[32] L. B. Anderson, J. Gray, A. Lukas and B. Ovrut, "Stabilizing All Geometric Moduli in Heterotic 
Calabi-Yau Vacua," Phys. Rev. D 83, 106011 (2011) [ arXiv:1102.0011l [hep-th]]. 

[33] R. Donagi and M. Wijnhoh, "Higgs Bundles and UV Completion in F-Theory," larXiv:0904.T2T8l 

[hep-th] . 

[34] N. Carqueville and M. M. Kay, "Bulk deformations of open topological string theory," 
larXiv:1104.5438l [hep-th]. 

[35] J. Walcher, "Opening mirror symmetry on the quintic," Commun. Math. Phys. 276, 671 (2007) 
|arXiv:hep-th/060516^ . 

[36] D. R. Morrison and J. Walcher, "D-branes and Normal Functions." larXiv:0709.4028l [hep-th]. 

[37] D. Krefl and J. Walcher, "Real Mirror Symmetry for One-parameter Hypersurfaces," JHEP 0809, 
031 (2008) |arXiv:0805.0792l [hep-th]]. 

[38] J. Knapp and E. Scheidegger, "Towards Open String Mirror Symmetry for One-Parameter Calabi- 
Yau Hypersurfaces," larXiv:0805."T0T3l [hep-th]. 

[39] H. Jockers and M. Soroush, "Effective superpotentials for compact D5-brane Calabi-Yau geometries," 
Commun. Math. Phys. 290, 249 (2009) [ arXiv:0808.0761l [hep-th]]. 

[40] M. Alim, M. Hecht, P. Mayr and A. Mertens, "Mirror Symmetry for Toric Branes on Compact 



Hypersurfaces," JHEP 0909, 126 (2009) [arXiv:0901.2937 [hep-th]]. 

[41] M. Ahm, M. Hecht, H. Jockers, P. Mayr, A. Mertens and M. Soroush, "Hints for Off-Shell Mirror 
Symmetry in type H/F-theory Compactifications," Nucl. Phys. B 841, 303 (2010) |arXiv:0909.T842l 

[hep-th]]. 

[42] M. Alim, M. Hecht, H. Jockers, P. Mayr, A. Mertens and M. Soroush, "Type H/F-theory Su- 
perpotentials with Several Deformations and N=l Mirror Symmetry," JHEP 1106, 103 (2011) 
[arXiv: 1010.09 77 [hep-th]]. 

[43] T. W. Grimm, T. W. Ha, A. Klemm and D. Klevers, "The D5-brane effective action and superpo- 
tential in N=l compactifications," Nucl. Phys. B 816, 139 (2009) [ arXiv:0811.2996i [hep-th]]. 

[44] T. W. Grimm, T. W. Ha, A. Klemm and D. Klevers, "Computing Brane and Flux Superpotentials 
in F-theory Compactifications," JHEP 1004, 015 (2010) a rXiv:0909.2025. [hep-th]]. 

[45] T. W. Grimm, A. Klemm and D. Klevers, "Five-Brane Superpotentials, Blow-Up Geometries and 
SU(3) Structure Manifolds," JHEP 1105, 113 (2011) [arXiv:1011.6375 [hep-th]]. 

[46] A. Lukas and K. S. Stella, "Heterotic anomaly cancellation in five dimensions," JHEP 0001, 010 
(2000) ,arXiv:hep-th/9911156| . 

[47] E. R. Sharpe, "Kaehler cone substructure," Adv. Theor. Math. Phys. 2 (1999) 1441 
arXiv:hep-th/9810064 . 

[48] L. B. Anderson, J. Gray, A. Lukas and B. Ovrut, "Stability WaUs in Heterotic Theories," JHEP 
0909, 026 (2009) arXiv:0905.1 748 [hep-th]]. 

[49] L. B. Anderson, J. Gray, A. Lukas and B. Ovrut, "The Edge Of Supersymmetry: Stability Walls in 
Heterotic Theory," Phys. Lett. B 677, 190 (2009) [arXiv:0903.5088. [hep-th]]. 

50 



[50] L. B. Anderson, J. Gray and B. Ovrut, "Yukawa Textures From Heterotic Stability Walls," JHEP 
1005, 086 (2010) larXiv: 1001 .23171 [hep-th]]. 

[51] L. B. Anderson, J. Gray and B. Ovrut, "Transitions in the Web of Heterotic Vacua," Fortschr. Phys. 
59 No. 5-6, 327 - 371 (2011). arXiv:1012.3179l [hep-th], 

[52] R. Hartshorne, "Algebraic Geometry, Springer," GTM 52, Springer- Verlag, 1977. P. Griffith, J. 
Harris, "Principles of algebraic geometry," 1978. 

[53] M. F. Atiyah, "Complex Analytic Connections in Fibre Bundles," Trans. AMS, Vol. 85, No. 1 (May, 
1957), pp. 181-207. 

[54] K. Kodaira, "Complex Manifolds and Deformations of Complex Structures," Grundlehren Math. 
Wiss. 189, Berlin, Heidelberg, New York: Springer 1985. 

[55] S. Kobayashi, "Differential Geometry of Complex Vector Bundles," Iwanami Shoten, 1987. 

[56] M. Kuranishi, "Deformations of compact complex manifolds," Seminaire de Mathematiques Su- 
perieures. No. 39 (ete 1969). Les Presses de rUniversite de Montral, Montreal, Que., 1971. 

[57] S. K. Donaldson, and R. Friedman, "Connected sums of self-dual manifolds and deformations of 
singular spaces," Nonlinearity 2 (1989), 197-239. 

[58] V. Braun, T. Brelidze, M. R. Douglas and B. A. Ovrut, "Calabi-Yau Metrics for Quotients and 



Complete Intersections," JHEP 0805, 080 (2008) |arXiv:0712.3563l [hep-th]]. 

[59] V. Braun, T. Brelidze, M. R. Douglas and B. A. Ovrut, "Eigenvalues and Eigenfunctions of the Scalar 
Laplace Operator on Calabi-Yau Manifolds," JHEP 0807, 120 (2008) |arXiv:0805.3689l [hep-th]]. 

[60] M. R. Douglas, R. L. Karp, S. Lukic and R. Reinbacher, "Numerical solution to the Hermitian 
Yang-Mills equation on the Fermat quintic," JHEP 0712, 083 (2007) |arXiv:hep-th/0606261| . 

[61] L. B. Anderson, V. Braun, R. L. Karp and B. A. Ovrut, "Numerical Hermitian Yang-Mills Connec- 
tions and Vector Bundle Stability in Heterotic Theories," JHEP 1006, 107 (2010) |arXiv:1004!4399l 

[hep-th]]. 

[62] L. B. Anderson, V. Braun and B. A. Ovrut, "Numerical Hermitian Yang-Mills Connections and 
Kahler Cone Substructure," larXiv: 1103.3041 [hep-th]. 

[63] K. Uhlenbeck and S.-T. Yau, "On the existence of Hermitian Yang-Mills connections in stable bun- 
dles", Comm. Pure App. Math., 39, 257, (1986). 

[64] S. Donaldson, "Anti Self-Dual Yang-Mills Connections over Complex Algebraic Surfaces and Stable 
Vector Bundles", Proc. London Math. Soc, 3, 1, (1985). 

[65] D. Huybrechts and M. Lehn, "The geometry of the moduli space of stable of sheaves". Aspects of 
Mathematics, E 31 (1997). 

[66] M. Lubke, A. Teleman, "The Kobayashi-Hitchin Correspondence", World Scientific (1995). 

[67] L. B. Anderson, Y. H. He and A. Lukas, "Heterotic compactification, an algorithmic approach," 
JHEP 0707, 049 (2007) |ar Xiv:hep-th/0702210, . 

[68] C. Okonek, M. Schneider, H. Spindler, "Vector Bundles on Complex Projective Spaces," Birkhauser 
Verlag, 1988 

[69] R. Donagi, B. A. Ovrut, T. Pantev and R. Reinbacher, "SU(4) Instantons on Calabi-Yau Threefolds 
with Z-2. X Z2 Fundamental Group," JHEP 0401, 022 (2004). ,arXiv:hep-th/0307273, . 

51 



[70] L. B. Anderson, "Heterotic and M-theory Compactifications for String Phenomenology," Univ. of 
Oxford, D.Phil Thesis f2008). laFxrv:0808.3621l [hep-th]. 

[71] L. B. Anderson, Y. H. He and A. Lukas, "Monad Bundles in Heterotic String Compactifications," 
JHEP 0807, 104 (20081. larXiv:0805.2875l [hep-th]]. 

[72] R. Blumenhagen, G. Honecker and T. Weigand, "Loop-corrected compactifications of the heterotic 
string with hne bundles," JHEP 0506, 020 (2005) |arXiv:hep-th/0504232] . 

[73] R. Blumenhagen, S. Moster and T. Weigand, "Heterotic GUT and standard model vacua from simply 
connected Calabi-Yau manifolds," Nucl. Phys. B 751, 186 (2006) jarXiv:hep-th/0603015| . 

[74] L. B. Anderson, J. Gray, D. Grayson, Y. H. He and A. Lukas, "Yukawa Couplings in Heterotic 
Compactification," Commun. Math. Phys. 297 (2010) 95 [ arXiv:0904.2186| [hep-th]] . 

[75] G.-M. Greuel, G. Pfister, and H. Schonemann, "Singular: a computer algebra system for polyno- 
mial computations," Centre for Computer Algebra, University of Kaiserslautern (2001). Available at 



http : //www ■ singular . uni-kl . de/| 



D. Grayson and M. Stillman, "Macaulay 2, a software system for research in algebraic geometry." 



Available at http : //www . math . uiuc . edu/Macaulay2/| 



J. Gray, "A Simple Introduction to Grobner Basis Methods in String Phenomenology," 
larXiv:0901. 16621 [hep-th] . 

J. Gray, Y. H. He, A. Ilderton and A. Lukas, "STRINGVACUA: A Mathematica Package for Study- 
ing Vacuum Configurations in String Phenomenology," Comput. Phys. Commun. 180, 107 (2009) 
[arXiv:0801. 15081 [hep-th]]. 

J. Gray, Y. H. He, A. Ilderton and A. Lukas, "A new method for finding vacua in string phenomenol- 
ogy," JHEP 0707, 023 (2007) [arXiv:hep-th/0703249| . 

J. Gray, Y. H. He and A. Lukas, "Algorithmic algebraic geometry and fiux vacua," JHEP 0609, 031 
(2006) |arXiv:hep-th/0606122| . 

D. Mehta, "Finding All the Stationary Points of a Potential Energy Landscape via Numerical Poly- 
nomial Homotopy Continuation Method," larXiv:! 104. 54971 [cond-mat.stat-mech]. 

[76] M. Dine, N. Seiberg and E. Witten, "Fayet-Iliopoulos Terms in String Theory," Nucl. Phys. B 289, 
589 (1987). 

[77] J. Distler and B. R. Greene, "Aspects of (2,0) String Compactifications," Nucl. Phys. B 304, 1 
(1988). 

[78] T. Aubin, "Some nonlinear problems in Riemannian Geometry". Springer Monographs in Mathe- 
matics. (1998). 

[79] P. S. Aspinwall and M. R. Plesser, "Elusive Worldsheet Instantons in Heterotic String Compactifi- 
cations," larXiv:1106."2998l [hep-th]. 

[80] P. Berglund, P. Candelas, X. de la Ossa, E. Derrick, J. Distler and T. Hubsch, "On the instan- 
ton contributions to the masses and couplings of E(6) singlets," Nucl. Phys. B 454, 127 (1995) 
[arXiv:hep-th/9505164| . 

[81] G .Tian, "Smoothness of the universal deformation space of compact Calabi-Yau manifolds and its 
Petersson-Weil metric," In: Yau, S.- T. Mathematical Aspects of String theory. Singapore: World 
Scientific, pp. 629-646 1987 

52 



[82] A. N. Todorov, "The Weil-Petersson geometry of the moduh space of SU{n^) (Calabi-Yau) mani- 
folds", Commmi. Math. Phys. 126, 325-346 (1989). 

[83] R. McLean, "Deformations of cahbrated submanifolds" , Comm. Anal. Geom. 6, (1998), 705747. 

[84 

[85; 



[87; 



[90 
[91 

[92; 

[93 

[94; 
[95; 

[96 

[97; 

[98; 

[99 



A .N. Tyurin, "Geometric quantization and mirror symmetry" , math. AG/9902027 



C. Vafa, "Extending mirror conjecture to Calabi-Yau with bundles," arXiv:hep-th/9804131 



R. P. Thomas, "An obstructed bundle on a Calabi-Yau 3-fold," arXiv:math/9903034| 



D. Huybrechts, "The Tangent Bundle of a Calabi-Yau Manifold - Deformations and Restriction to 
Rational Curves", Commun. Math. Phys. 171, 139 -158 (1995). 

L .B Anderson, J. Gray, A. Lukas and B. Ovrut. To Appear. 

R. Friedman, J. W. Morgan and E. Witten, "Vector bundles over elliptic fibrations," 



| arXiv:alg-geom/9709029 

P. Candelas, X. de la Ossa, Y. H. He and B. Szendroi, "Triadophilia: A Special Corner in the 
Landscape," Adv. Theor. Math. Phys. 12, 2 (2008) |arXiv:0706.3T34| [hep-th]]. 

S. Gukov, C. Vafa and E. Witten, "CFT's from Calabi-Yau four folds," Nucl. Phys. B 584, 69 (2000) 
[Erratum-ibid. B 608, 477 (2001)] |arXiv:hep-th/9906070] . 

L. Witten and E. Witten, "LARGE RADIUS EXPANSION OF SUPERSTRING COMPACTIFI- 
CATIONS," Nucl. Phys. B 281, 109 (1987). 

D. Mumford, J. Fogarty, F. Kirwan, "Geometric invariant theory", Ergebnisse der Mathematik und 
ihrer Grenzgebiete (2), Berlin, 1994. 

M. Maruyama, "Moduh of stable sheaves, II ," J. Math. Kyoto Univ. 18-3, 557-614 (1978). 

E. I. Buchbinder, R. Donagi and B. A. Ovrut, "Vector bundle moduli superpotentials in heterotic 
superstrings and M theory," JHEP 0207, 066 (2002) [ arXiv:hep-th/0206203] . 

E. I. Buchbinder, R. Donagi and B. A. Ovrut, "Superpotentials for vector bundle moduli," Nucl. 
Phys. B 653, 400 (2003) [arXiv:hep-th/0205190| . 

E. Buchbinder, R. Donagi and B. A. Ovrut, "Vector bundle moduli and small instanton transitions," 
JHEP 0206, 054 (2002) |arXiv:hep-th/0202084| . 

R. Donagi, B. A. Ovrut and D. Waldram, "Moduli spaces of five-branes on elliptic Calabi-Yau 



threefolds," JHEP 9911, 030 (1999) |arXiv:hep-th/9904054| . 

G. Curio, "World-sheet Instanton Superpotentials in Heterotic String theory and their Moduli De- 
pendence," JHEP 0909, 125 (2009) farXiv:0810.3087 [hep-th]]. 

[100] G. Curio, "On the Heterotic World-sheet Instanton Superpotential and its individual Contribu- 
tions," JHEP 1008, 092 (2010) [arXiv:1006.5568 [hep-th]]. 

[101] R. P. Thomas, "A Holomorphic Casson invariant for Calabi-Yau three folds, and bundles on K3 
fibrations," |arXiv:math/98061 1 1, 

[102] A. Langer, "Semistable Sheaves in Positive Characteristic," Ann. Math. 159, No.l (2004), 251-276. 

[103] A. Langer, "Moduh Spaces of Sheaves in Mixed Characteristic," Duke. Math. J. 124, No. 3 (2004), 
571-586. 

[104] W .V. D. Hodge, "The topological invariants of algebraic varieties," Proceedings of the International 
Congress of Mathematicians (Cambridge, MA) 1: 181192. (1950). 

53 



[105] J. D. Lewis, "A survey of the Hodge conjecture," CRM monograph series 10, American Mathemat- 
ical Society, (1999). 

[106] A. Strominger, "SPECIAL GEOMETRY," Commun. Math. Phys. 133, 163 (1990). 

[107] L. Castcllani, R. D'Auria and S. Ferrara, "Special geometry without special coordinates," Class. 
Quant. Grav. 7, 1767 (1990). 

[108] L. CasteUani, R. D'Auria and S. Ferrara, "SPECIAL KAHLER GEOMETRY: AN INTRINSIC 
FORMULATION FROM N=2 SPACE-TIME SUPERSYMMETRY," Phys. Lett. B 241, 57 (1990). 

[109] A. Lukas and C. Matti, "G-structures and Domain WaUs in Heterotic Theories," JHEP 1101, 151 
(2011) larXiv: 1005.53021 [hep-th]]. 

[110] J. Gray, M. Larfors, and D. Lust, To appear. 

[Ill] T. Hubsch, "Calabi-Yau manifolds: A Bestiary for physicists," Singapore, Singapore: World Scien- 
tific (1992) 362 p, 2nd ed. (1994) 374 P- 

[112] R. Blumenhagen, B. Jurke, T. Rahn and H. Roschy, "Cohomology of Line Bundles: A Computa- 
tional Algorithm," J. Math. Phys. 51, 103525 (2010) arXiv:1003.5217l [hep-th]]. 

[113] A. Lukas, B. A. Ovrut and D. Waldram, "Stabilizing dilaton and moduli vacua in string and M 
theory cosmology," Nucl. Phys. B 509, 169 (1998) [arXiv:hep-th/9611204| . 

[114] S. Gukov, S. Kachru, X. Liu and L. McAllister, "Heterotic moduli stabilization with fractional 
Chern-Simons invariants," Phys. Rev. D 69, 086008 (2004) |arXiv:hep-th/0310159| . 

[115] V. Braun and B. A. Ovrut, "Stabilizing moduli with a positive cosmological constant in heterotic 
M-theory," JHEP 0607, 035 (2006) ! larXiv:hep-th/0603088| . 



54 



